Mathematica 11.3 Integration Test Results

Test results for the 1378 problems in "7.3.6 Exponentials of inverse
hyperbolic tangent functions.m"

Problem 15: Result more than twice size of optimal antiderivative.

ez ArcTanh[a x]
Ji dx
X

Optimal (type 3, 12leaves, 3 steps):
Log[x] -2 Log[1-ax]

Result (type 3, 25leaves):

Log [1 _ eZAr‘cTanh[a x] ] + Log [1 " eZAr‘cTanh[a X] ]

Problem 47: Result more than twice size of optimal antiderivative.

e—ZAr‘cTanh[a x]
Ji dx
X

Optimal (type 3, 11leaves, 3 steps):
Log[x] -2 Log[1+ax]

Result (type 3, 25leaves):

-2 ArcTanh[ax] }

Log[lfe

+ Log [1 + e—ZArcTanh[a X] }

Problem 60: Unable to integrate problem.

1
= ArcTanh[a x
Jez Xl ym gx

Optimal (type 6, 31leaves, 2 steps):

xl*’"AppellFl[ler, i, —i, 2+m, ax, -a x]

1+m
Result (type 8, 16 leaves):

1
—ArcTanh
Jez rcTanh[ax] XM dix
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Problem 61: Result is not expressed in closed-form.
JeéArcTanh[a X] X2 dx
Optimal (type 3, 282 leaves, 15steps):

3(1—ax>3/4(1+ax)1/4 (1—ax)3/4(1+ax)5/4

8 a3 12 a3

x (1-ax)** (1+ax)5/4 3ArcTan|1 - M] 3ArcTan|1+ M]

(1+ax) ¥4 (1+ax)Y/4

+ —

3a? 8+/2 a3 8+/2 a3

1/4 1/4
3Log[1+ l-ax 2 (17ax2 / } 3Log[1+ 1-ax . 2 (1—ax3 ]
1+ax (1+ax)¥/* 1+rax (1+ax)¥/*
+

16/2 a3 16/2 a3
Result (type 7, 93 leaves):

1 ) e%Ar‘cTanh[ax] (9 + 6 @2ArcTanh[ax] | 7g g4 ArcTanh(ax] )

96 a3 (1 + @2ArcTanh[ax] ) 3

1
ArcTanh[ax] - 2 Log [e?ArCTa”h[aX] -1
9 RootSum |1 + =1 &,

&
713 }

Problem 62: Result is not expressed in closed-form.

1
= ArcTanh[a
Jez Xy dax

Optimal (type 3, 255leaves, 14 steps):

_ 1/a
) (1-ax)** <1+ax)1/4_ (1-ax) (1+ax>5/4+ArcTan[1—%] )
4 a2 23a? 42 a?

_ 1/4 - _ 1/4 - _ 1/4
Ar‘cTan[1+312 (1 ax)’ } Log[1+ l-ax vy2 (1 ax)/’ } Log[1+ 1-ax + 2 (1 ax?’ }
(1+ax)¥/* 1+ax (1+ax)¥/* 1+ax (1+ax)¥/*
+

47 @ _ 82 a2 8/2 a2
Result (type 7, 83 leaves):

1 8 e%ArCTanh[aX] (1 + 5 @2ArcTanh[ax] >
- +
16 32 (1 + @2ArcTanh[ax] ) 2
1
—~ArcTanh[ax] + 2 Log [e?A"Tanh[ax] - 1]
RootSum[1 + =1* &,

&
713 ]
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Problem 63: Result is not expressed in closed-form.

1
= ArcTanh[a
Jez Xl gx

Optimal (type 3, 222 leaves, 13 steps):
ArcTan|1 - V2 g-anth 1/4]

(1-ax)** (1+ax)?* (1rax) Ve
_ N _

a V2 a

_ 1/4 - _ 1/4 - _ 1/4
Ar‘cTan[1+312 (1-ax) } Log[1+ l-ax vy2 (1 ax)” } Log[1+ 1-ax 4 2 (1 ax?’ }
(1+ax) ¥4 V1rax (1+ax)¥/* W 1rax (1+ax)¥/*
+

V7 a _ 247 a 27 a
Result (type 7, 71 leaves):

lAr‘cTanh [ax]

-ArcTanh[a x]+2 Log|e?
113

1
~ArcTanh[ax]
2

_8e
l+e

+ RootSum[1 + #1* &, ]

J

2ArcTanh[ax]

4 a

Problem 64: Result is not expressed in closed-form.

LAr‘cTanh[a x]
e:2
—dx
X

Optimal (type 3, 227 leaves, 17 steps):

1 /4 2 (1- 1/4 (1 14
-2 ArcTan| (1+2x] | +V/2 ArcTan[1- \/_(—ax)} -2 ArcTan([1+ ﬂ—a)q] _
(1—ax>1/4 <1+ax)1/4 <1+ax)1/4
1-ax 2 (1-ax)¥4 1-ax 2 (1-ax)Y4
2 ArcTanh| (1+ax>l/4] . Log |t e et X Log |1+ e e

(1-ax) 14 V2 V2
Result (type 7, 87 leaves):

1
= ArcTanh
3 rcTan [ax]] .

1 1
-2 ArcTan [e + Log [1 _ gz ArcTanh(ax] ] - Log [1 + @z ArcTanhlax] ]

;Ar‘cTanh[a x]

-ArcTanh[ax] +2Log|e 1 |

1 4
~ RootSum|1 + #1* &,
2 1113

8]

Problem 70: Unable to integrate problem.

3
=ArcTanh[a
Jez cranhiaxl ym qx

Optimal (type 6, 31leaves, 2 steps):

x+™ AppellF1[1 +m, i, —i, 2+m, ax, -ax|

1+m
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Result (type 8, 16 leaves):

3
2 ArcTanh
J@Z rcTanh[a x] XM dx

Problem 71: Result is not expressed in closed-form.

3
=ArcTanh[a
Jez Xl w3 ax

Optimal (type 3, 290 leaves, 15 steps):

41 (1—ax)1/4 (1+ax>3/4 x2 (1—ax)1/4 (1+ax)7/4

64 a* 4 32
_ 1/4 _ 1/4
(1-ax)** (1+ax)”* (11+4ax) 123 ArcTan[1 - %:X—iﬁ,_] 123 ArcTan |1+ 2(1;:‘)’1‘/4 ]

+ —

32a% 642 a* 64+/2 a*

123 Log[1+ A2 _ 22 (1max)T2] 33| ogfy . Yim2x W2 (1-ax) it
1+ax (1+ax) ¥4 V1+ax (1+ax)Y/*

128+/2 a* 128 /2 a*
Result (type 7, 103 leaves):

! - ( (8 e;A"CTa"h[aX] (41 +183 @2ArcTanh[ax] , 147 g4ArcTanh[ax] | 33 gbArcTanh[ax] ) )/
256 a*
1
ArcTanh[ax] - 2 Log[ez AT @x] g
(1 + @2AncTanh(2x] )4) - 123 RootSum |1 + 711* &, [ } &]
H1
Problem 72: Result is not expressed in closed-form.
je;Ar‘cTanh[a x] X2 dx
Optimal (type 3, 282 leaves, 15 steps):
17 (1—ax)1/4 (1+ax>3/4 (1—ax)1/4(1+ax)7/4
24 a3 433
x (1-ax)¥* (1+ax)”* 17 ArcTan|1 - ey | 17ArcTan[1+ P ] )
N _
3a? 8+/2 a3 8+/2 a3

1/4 1/a
17 Log[1+ iax o2 daxiB1 97 ggfg , Vlax | o2 (bl
V/1+ax (1+ax) ¥4 Jizax (1+ax)1/4

16+/2 a3 16+/2 a3
Result (type 7, 93 leaves):
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1 8 egA"CTa”h[ax] (17 + 30 @2ArcTanh[ax] | 45 e4ArcTanh(ax] )
96 a3 - <1 + @2ArcTanh[ax] ) 3 B
1
ArcTanh[a x] - 2 Log [e?APCTa"h[aX] -1

51 RootSum |1 + #1* &, &|

71

Problem 73: Result is not expressed in closed-form.

3
=ArcTanh[a x
Jez ) x dx

Optimal (type 3, 255 leaves, 14 steps):

_ 1/4
3(1—ax)1/4(1+ax)3/4 (1—ax)1/4 (1+ax)7/4 9Ar‘cTan[1—@(1;X—a>f/)4—}
_ _ + _

4 32 2 a2 4+/2 a2

_ 1/4 _ _ 1/4 _ _ 1/4
9Ar‘cTan[1+D—)—2 Lax)¥] g og[1, Yiax 2 @ax] g qgfq, JYlax /2 (1axtt)
(Lrax)¥/* \/1+ax (1+ax) /4 Vivax (1rax)Y/4

N
42 a2 8+/2 a2 8+/2 a2
Result (type 7, 84 leaves):

1 ez—ArcTanh[ax] (3 + 7 @2ArcTanh[ax] )

a2 2 (1 + @2ArcTanh[ax] ) 2

%Ar‘cTanh [ax

ArcTanh[ax] - 2 Log|e ! - 1]

9 4
— RootSum |1 + 1% &,
16 1l

8]

Problem 74: Result is not expressed in closed-form.

3
= ArcTanh
J@z rcTanh[a x] dx

Optimal (type 3, 223 leaves, 13 steps):

[1ax]* (1oax)s 2AneTn1- L] aareran(s Saan]
- . ) )

a A2 a V2 a

1/4 1/a
3 Log[l L Viax W2 d-ax? } 3 Log[l L Yiax N2 (1—ax2 ]
\/1+ax (1+ax) V4 +/1+ax (1+ax) V4

2+/2 a 2/2 a
Result (type 7, 72leaves):

1
ArcTanh[ax]

ArcTanh[ax]-2 Log|e2 —ttl]

2 @5 ArcTanh[ax] 3 RootSum|1 + #1* &,

a &

a (1 + eZAr'cTanh[a x] ) 4a
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Problem 75: Result is not expressed in closed-form.

iAr‘cTanh[a x]
e?2
—dx
X

Optimal (type 3, 227 leaves, 17 steps):

1 1/4 2 (1 1/4 > (1. 1/4
2 ArcTan| E +ax;1/4] +\/7Ar'cTan[1— \/—((—a>>1</)4] —\/TAr‘cTan[1+ \/—(<—a>>1(/)4
1-ax 1+ax 1+ax
1a Log[1+ lax /2 (1—ax)/1/“] Log[1+ lax /2 (Lax)/l/“]
a /
2 ArcTanh | 1+ax) . Jrax  axic ) Jiax | (Leax)ie
(17ax>1/4 \/7 \/7

Result (type 7, 87 leaves):

L ArcTanh [ax]

ZAPCTan[ez ] N Log[l—eim‘ﬂanh[ax]}

1
_ Log [1 N e;ArcTanh[a x] } N

;Ar‘cTanh[a x]

-ArcTanh[ax] + 2 Log[e -]

L Rootsum [1+01%8, &]
2

fax

Problem 80: Unable to integrate problem.

5
= ArcTanh
Jez rcTanh[a x] XM dx

Optimal (type 6, 31 leaves, 2 steps):

xl*’"AppellFl[ler, i, —i, 2+m, ax, -a x]

1+m
Result (type 8, 16 leaves):

5
= ArcTanh
J‘EZ rcTanh[a x] XM dx

Problem 81: Result is not expressed in closed-form.

5
= ArcTanh[a
jez cramhlaxl y3 gx

Optimal (type 3, 317 leaves, 16 steps):
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475 (1—ax)3/4 (1+ax)1/4 4 x3 (1+ax)5/4 17 x? (1—ax)3/4 (1+ax)5/4
+ +

64a4 a<1_ax)1/4 4a2 *

(1-ax)®* (1+ax)®% (521+4a52ax) 475ArcTan[1- e

(1+ax)¥/*
- +
96 a* 642 a*
475 ArcTan {1 + M} 475 Log[l g Yl-ax v2 (1-a X>/1/"] 475 Log[l L Yiax V2 (1-a xf/“}
(1rax)*/* . V1rax (1+ax)Y/4 Jisax (1rax)1/4
64~/2 a* 128+/2 a* 128/2 a*

Result (type 7, 114 leaves):

1

a4

(ei—Ar‘cTanh[a x] <1425 + 5415 @2ArcTanh[ax] | 7483 e4ArcTanh[ax] | 4645 g6ArcTanh[ax] | 7gg o8ArcTanh[ax] ) )/

1—Ar‘cTanh[a X]
475 ArcTanh[a x] -2 Log|e: -1
(96 (1 + g2AreTanh(ax] )4) + = RootSum[1 + n1* &, { ]

256

713 ]

Problem 82: Result is not expressed in closed-form.

5
= ArcTanh
Jez rcTanh[a x] X2 dx

Optimal (type 3, 305leaves, 16 steps):

55 <1—ax)3/4(1+ax)1/4 11(1—ax)3/4 (1+ax)5/4 2(1+ax)9/4
+ + +
a®(1-ax)**

8 a’ 433

(1-ax)?* (1+ax)?"* SSAPCTanh*M} 55ArcTan[1+M]

(1+ax)Y/4 (1+ax) /4
- + +
3a’ 8+/2 al 8+/2 a?
55Log[1+ Vi _ W2 (1maxiR] g ggfy . Yimax 2 (1max) R

Y 1+ax (1+ax)Y/* B +1+ax (1+ax)¥/*

162 a3 162 a3
Result (type 7, 104 leaves):
1 2 ArcTanh[ax] 2 ArcTanh[a x 4 ArcTanh[a x 6 ArcTanh[a x
= le? <165+462<e [ax] 1 425 ¢ [ax] ;96 ¢ [ J)
a

L h[ax]
55 ArcTanh[ax] - 2 Log[e2 """ -nl
(12 (1 + e2ArcTanhiax]) 3) + 2> RootSum[1+n1* &, [ ]

32

713
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Problem 83: Result is not expressed in closed-form.

5
=ArcTanh[a
Jez Xy dx

Optimal (type 3, 279 leaves, 15 steps):
25 ArcTan [1 - Y2 (-ax¥t]

25 (1-ax)¥* (1+ax)¥* 5 (1-ax)?* (1+ax)®* 2 (1+ax)?* (1rax)1/a

+ + -

4 32 2 a2 a2 (1_ax)1/4 4\/732

V2 (@a-ax)¥4 - —ax) V4 - —ax) Ve
25Ar‘cTan[1+ 2 (1-ax ] 25 Log[1+ l-ax 2 (1 ax? ] 25Log[1+ l-ax 4 2 (1 ax? ]
(1+ax) /4 V1+ax (1+ax) V4 Vitax (1+ax)¥/*

+ —

42 a2 8+/2 a2 8+/2 a2
Result (type 7, 94 leaves):

1 e%Ar‘cTanh[ax] <25 + 45 @2ArcTanh[ax] | 1@ @4ArcTanh[ax] )

— +
a2 2 <1 + @2ArcTanh[ax] ) 2

%Ar‘cTanh [ax

ArcTanh[a x] —2Log[e ! —ttl]

25 X
~— RootSum|[1 + =#1% &,

&
16 713 ]

Problem 84: Result is not expressed in closed-form.

5
= ArcTanh
jez rcTanh[a x] dx

Optimal (type 3, 247 leaves, 14 steps):

_ 1/4
5(1-ax)¥* (1-ax]¥* 4 (1+ax)%" 5ArcTan|1- L(—)—ih:;):u ]
+ - +

a a(1-ax)** V2 a

_ 1/4 _ _ 1/4 _ _ 1/4
5ArcTan[1+ Y2122 ] 5oy, Ylax N2 1axVi] g ggfg, Ylax , Y2 (laxbt]
(1+ax)V/* /1+ax (1+ax)V/* V1+ax (1+ax)¥/*

+ —

\/?a 2\/7a Z\Ea
Result (type 7, 83 leaves):

1 /8 ei—Ar‘cTanh[a X] (5 + 4 @2ArcTanh[a x])
i +
4a 1+ eZAr'cTanh[a X]

;Ar‘cTanh [ax]

ArcTanh[a x] —2Log[e —ttl]

5 RootSum|1 + 11 &,
13
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Problem 85: Result is not expressed in closed-form.

iAr‘cTanh[a x]
e-2
—dx
X

Optimal (type 3, 248 leaves, 19 steps):

8(1+ax)1/4 )1/4

1
—ZAPcTan[( rax ]—\/TAr'cTan[l——]
(1-ax)** (1-ax)?* (1+ax)?*
> (1- 1/4 1 1/4
\EAr‘cTan[lJr W] 2Ar‘cTanh[E+aX;1/4] +
l1+ax 1-ax
Log[1+ lax A2 (1—ax>1/“} Log[1+ lax 42 (l—ax)l/“}
+/1+ax (1+ax) /4 ~ JVirax (1+ax) /4
V2 NeY

Result (type 7, 97 leaves):

1 1 1
=ArcTanh[ax =ArcTanh[ax = ArcTanh[ax
8 e2 [ 2 [ax] } 2 [ax] ] _

' 2ArcTan|e +log[1-e

1
ArcTanh[ax] - 2 Log [e?ArCTa"h[aX] -]

L ArcTanh [ax]

Log[1+<ez

8]

1 4
| + = RootSum|1 +n1* &,
2 H13

Problem 90: Unable to integrate problem.

1
-=ArcTanh[ax
Je 2 Xl ym gx

Optimal (type 6, 31leaves, 2steps):

x1" AppellF1[1 +m, —i, i, 2+m, ax, -ax|

1+m
Result (type 8, 16 leaves):

1
-=ArcTanh[ax
Je 2 Xl ym gx

Problem 91: Result is not expressed in closed-form.

1
—=ArcTanh
Je S ArcTan [ax] X3 dx

Optimal (type 3, 290 leaves, 15 steps):
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11 (1—ax)1/4 (1+ax>3/4 x2 (l—ax)S/4 (1+ax)3/4

64 a* 4 a?
_ 1/4 _ 1/4
(25 aax) (1-ax)* (1+ax)>* ) 11 ArcTan|1 - Mil+:xi:/,4 ] ) 11APcTan[1+Mil+:xi:/,4 ]

96 a* 64+/2 a* 64+/2 a*

/4 _ _ 1/a
11 Log[1+ i-ax _ o2 (1maxiBB1 g qgg, Viax o2 (laxbi]
V1+ax (1+ax)Y/* Vi1+ax (1+ax) /4
+

128+/2 a* 128+/2 a*
Result (type 7, 103 leaves):

1
768 a*

- ( (8 G;AI‘CTanh[ax] (245 +107 eZAr‘cTanh[a x] + 279 e4Ar‘cTanh[a x] +33 eGAr‘cTanh[a x] ) )/

1
ArcTanh[ax] + 2 Log [e’?A"CTa"h[aX] -]

(1 + e2ArcTanhlax] )4) + 33 RootSum[1 + #1* &, &
w13
Problem 92: Result is not expressed in closed-form.
Je—gAr‘cTanh[ax] XZ dx
Optimal (type 3, 282 leaves, 15steps):
3(1—ax)1/4 (1+ax>3/4 (1—ax)5/4(1+ax)3/4
. _
8 a3 12 a3
x (1-ax)¥* (1+ax) 3/4  3ArcTan[1- L(—Lz(hz;a)fﬂ’ | 3ArcTan[1+ L‘—)—Z(h;a)im/ ]
+ - +

3a? 8+/2 a3 8+/2 a3

1/4 1/4
3 Log[l L Viax W2 a-axy } 3 Log[l L Yiax N2 (1—ax2 ]
V1l+ax (1+ax)¥/* 1+ax (1+ax) ¥4

16+/2 a3 16+/2 al
Result (type 7, 93 leaves):

3
1 8 @z ArcTanhlax] (29 + 6 @2ArcTanh[ax] | g g4ArcTanh[ax] )

96 a3 <1 + @2ArcTanh[ax] ) 3

- % ArcTanh[a x

ArcTanh[a x] +2Log[<e : —Hl}

9 RootSum|1 +11* &, &

713

Problem 93: Result is not expressed in closed-form.

1
-=ArcTanh
je 7 ArcTan [ax]xdlx

Optimal (type 3, 255leaves, 14 steps):
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{ (1- 11/41
(1-ax)¥* (1+ax)** (1-ax)>*(1+ax)** ArcTan|1- 2(1;:))1(/4 ]

- - - +

4 a2 2a2 4+/2 a2

Ar‘cTan[1+3£2 (Lax)l/“} Log[1+ lax /2 (Lax)l/“} Log[1+ lax o2 (Lax)l/“}

(1+ax) /4 Jirax (1+ax) /4 Jitax (1+ax)V/4
- +
4~/2 a 8+/2 a? 82 a?

Result (type 7, 79leaves):

1
16 a?

3 1
g g2 AreTanhiax] (5 + e2ArcTanh(ax]) ArcTanh[ax] +2 Log [eTArCTa"h[aX} -]
- + RootSum[1 + #1* &, &

(1 4 @2ArcTanh[ax] )2 713

Problem 94: Result is not expressed in closed-form.

1
—=ArcTanh
J@ S ArcTan [ax] dx

Optimal (type 3, 221 leaves, 13 steps):

(1 ~ ax)1/4 (1 i a X>3/4 Ar‘cTan[l _ 2 d-ax)¥t 1'/4] Ar‘cTan[l ;Y2 (d-ax)¥t 1’/4]

(1+ax)Y/4 (1+ax)Y/4
+ - +
a V2 a V2 a
1/4 _ _ 1/4
LOg[lJr l-ax 2 (1-ax) } LOg[lJr l-ax N 2 (1-ax) }

\1+ax (1+ax) ¥4 V1rax (1+ax) /4
242 a 22 a

Result (type 7, 69 leaves):

3 1
= ArcTanh[a x -=ArcTanh[ax
1 8 e:2 [ax] 2

- —|-———————— +RootSum|1+n1* &,
4 a 1+ eZAr‘cTanh[a X] 1113

ArcTanh[a x] +2Log[e ] —ttl}

8]

Problem 95: Result is not expressed in closed-form.

~Y ArcTanh [ax]
e 2
—dx
X

Optimal (type 3, 227 leaves, 17 steps):

] ,\EAchan[17 M] +\EAI"CT3H[1+ M

(1—ax)1/4 (1+ax)1/4 (1+ax)1/4

1 1/4
2Ar‘cTan[%

] .

1+ax)1/4 Log[1+ l-ax /2 (1fax)1/4] Log[1+ lax /2 (1—ax)1/“]

ZAPCTanh[ ( ] B Jlvax (1+ax) V4 Jisax (1+ax)1/4

N
(1 _a X) 1/4 \/? \/?
Result (type 7, 85leaves):
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%ArcTanh[a X] } 7§Ar‘cTanh[a X] ] 17Ar'cTanh[a| X] ] +

—2Ar‘cTan[e’ +Log[1—e fLog[1+e72

—%Ar‘cTanh[a x]

ArcTanh[a x] +2L0g[e —Hl]

1 RootSum|[1 + 1% &, &
2

713

Problem 100: Unable to integrate problem.

3
-=ArcTanh[ax
Je 2 Xl ym gx

Optimal (type 6, 31leaves, 2 steps):

xl*mAppellFl[ler, —%, 13:, 2+m, ax, -a x]

1+m
Result (type 8, 16 leaves):

3
-=ArcTanh[ax
Je 2 Xl ym gx

Problem 101: Result is not expressed in closed-form.

3
-2 ArcTanh
J@ S ArcTan [ax] X3 dx

Optimal (type 3, 290 leaves, 15 steps):

41 (1—ax)3/4 (1+ax>1/4 x2 (1—ax)7/4 (1+ax)1/4

64 a* 4 a2
(11-4ax) (1-ax)”* (1+ax)¥4 123 ArcTan|1 - ey | 123 ArcTan[1+ ren ]
- + +
3234 64/2 a* 64+/2 a*

1/4 1/4
123 Log[1 + V12X w2 18Xl 133 gg] 4 V12X, V2 [Laxi ]
/1+ax (1+ax)V/* Vi1+ax (1+ax) /4

128+/2 a* 128+/2 a4
Result (type 7, 103 leaves):

1
256 a*

_ ( (8 e%ArcTanh[a X] (133 + 147 @2ArcTanh[ax] 183 g4ArcTanh[ax] g9 g6ArcTanh[ax] > )/

—%Ar‘cTanh [ax]

ArcTanh[ax] + 2 Log[e - 1]

(1 + g2ArcTanhlax] )4) +123 RootSum |1 + #1* &, &|

=1

Problem 102: Result is not expressed in closed-form.

3
-=ArcTanh
J‘E S ArcTan [ax] XZ dx

Optimal (type 3, 282 leaves, 15 steps):
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17(1—ax)3/4 (1+ax)1/4 (1—ax)7/4 (1+ax)1/4

24 33 ' 4 a3
_ 1/4 _ 1/4
X (1-ax)7* (1+ax)¥ 17Ar‘cTan[1—%} 17ArcTan[l+%]

+ — —

3a? 8+/2 a3 8+/2 a3

/4 _ _ 1/a
17 Log[1+ i2x a2 (1axiBB] 7)o, Viax | o2 (laxbi]
V1+ax (1+ax)Y/* Vi1+ax (1+ax) /4
+

16+/2 a3 16+/2 a3
Result (type 7, 93 leaves):

1 8 egArCTa”h[aX] (45 + 30 @2ArcTanh[ax] , 7 g4ArcTanh[ax] )

96 a3 (1 + @2ArcTanh[ax] ) 3

—i—Ar‘cTanh [aX]

ArcTanh[ax] + 2 Log[e -1

51 RootSum[1 + #1% &, &

o1

Problem 103: Result is not expressed in closed-form.

3
-=ArcTanh[a
Je 2 Xy dx

Optimal (type 3, 255leaves, 14 steps):

3(1—ax>3/4(1+ax)1/4 (1—ax)7/4 (1+ax)1/4 9Ar‘cTan[1— 2 17“/1/4}
(1+ax) ¥4
- - +

4 a? 2a2 4+/2 a2

_ 1/4 _ _ 1/4 - _ 1/a
9Ar‘cTan[1+312 1ax/ } 9Log[1+ l-ax vy2 (1 ax} ] 9Log[1+ 1-ax i 2 (1 ax? ]
(1+ax) V4 Jilrax (1+ax) V4 Jilrax (1+ax) /4

N _
4+/2 a2 8+/2 a2 8+/2 a2
Result (type 7, 84 leaves):

1 e;Ar‘cTanh[a X] (7 + 3 @2ArcTanh[ax] )
|- +
a2 2 (1 + @2ArcTanh[ax] ) 2

—%Ar‘cTanh [ax]

ArcTanh[ax] + 2 Log[e 111 |

9 4
— RootSum |1 + 1% &,
16 1

8]

Problem 104: Result is not expressed in closed-form.

3
-=ArcTanh[ax
Je 2 @) qx

Optimal (type 3, 222 leaves, 13 steps):
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V2 (-axy¥t 1/4} 3ArcTan(1+ V2 a-ax 1’/4}

1/4

(17 ax)3/4 (1 +a X)1/4 3Ar‘cTan[1—

(1+ax)Y/* (1+a x)
4 _ _
a V2 a V2 a
3Log[1+ lax _ V2 (1—ax)1’/“} 3Log[1+ lax 2 (LaX)m]
1+ax (1+ax) V4 1+ax (1+ax) V4
+
242 a 2+4/2 a
Result (type 7, 72leaves):
7lAr‘cTanhLaxJ
2 @ s ArcTanh[ax] 3 RootSum|1 + #1* &, ArcTanhiax)+2Log|e ] &
_ a1
a (1 4 e—ZAr‘cTanh[a X] ) 4 a

Problem 105: Result is not expressed in closed-form.

~2 ArcTanh [ax]
e 2
—dx
X

Optimal (type 3, 227 leaves, 17 steps):

1 1/4 > (1- 1/4 5 (1- 1/4
—2Ar‘cTan[%} - \/TAr‘cTan[l— \/7(—ax>} + \/TAr‘cTan[l + ﬂ—a)q] -
1/4 1/4 1/4
(1-ax) (1+ax) (1+ax)
1-ax 2 (1-ax)Y4 1-ax 2 (1-ax)Y4
(1+ax)1/4 Log[1+ lvax - (1+ax)1/4 ] LOg[1+ Jilrax i (1+ax)/4 ]
2 ArcTanh | ™ |+ -
(1-ax) 2 N2
Result (type 7, 85leaves):
2 ArcTan [e—;—Ar‘cTanh[a x] ] + Log [1 B e—%Ar‘cTanh[a X] } _ Log [1 . e—%Ar‘cTanh[a X] } +

1
1 ArcTanh[ax] + 2 Log [e’?APCTa”h[aX] -]
= RootSum|1 + #1* &,

2 a1

8]
Problem 110: Unable to integrate problem.
Je—z—ArcTanh[ax] X" dx

Optimal (type 6, 31leaves, 2 steps):

x> AppellF1[1 + m, —i, i, 2+m, ax, -ax|

1+m
Result (type 8, 16 leaves):

5
- = ArcTanh
je 5 rcTanh[a x] Xm dx
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Problem 111: Result is not expressed in closed-form.

5
-=ArcTanh[a
Je 2 Xl w3 ax

Optimal (type 3, 317 leaves, 16 steps):
4 x3 (l—ax)‘:‘/4 475 (1—ax)1/4 (1+ax>3/4 17 x2 (1—ax)5/4 (1+ax)3/4
- + +

a<1+ax)1/4 64 a* 432 "

(5217452ax) (17ax)5/4 (1+ax)3/4 475Ar‘cTan[1— M}

(1+ax) /4
.
96 a* 64+/2 a*
475 ArcTan[1+ 232X 475 g1, Alax 2 aant) 475 6g[q , Yiax V2 daaxtt]
(1+ax) /4 . W 1+ax (1+ax) /4 V1+ax (1+ax)¥/*
64+/2 a* 128+/2 a* 128+/2 a*
Result (type 7, 114 leaves):
1
a4

(e—éAr‘cTanh[a X] (768 + 4645 e@2ArcTanh(ax] | 7483 e4ArcTanh[ax] | 515 g6ArcTanh[ax] , 1425 g8ArcTanh[ax] ) )/

—lAr‘cTanh[ax]
(96 (1+62Ar‘cTanh[ax]>4) ArcTanh[a x] +2Log{e 2 —Hl}

475 .
- —— RootSum[1 +=1* &,
256

713 }

Problem 112: Result is not expressed in closed-form.

5
-2 ArcTanh
Je S ArcTan [ax] X2 dx

Optimal (type 3, 305leaves, 16 steps):

2 (l—ax)g/4 55 (1—ax>1/4 (1+ax)3/4 11 (1—ax>5/4 (1+ax)3/4

a3 (1+ax)1/4 8 a3 4 a3

(1-ax)?* (1+ax)*"* SSAPCTanh*M} 55ArcTan[1+M]

(1+ax)Y/4

. (1+ax)Y* -
333 8 \/7 a3 3 ﬁ 33
sialtc D5 Ga) sw A3 S0
+
16+/2 a? 162 a3

Result (type 7, 104 leaves):
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i _ [(eféArcTanh[a X] (96 + 425 @2ArcTanh[ax] | gy g4ArcTanh[ax] , 15 g6ArcTanh[ax] > )/

a3

7§ArcTanh [aXx]

ArcTanh[a x] +2Log[e 111}

55
(12 (14 e2AreTanhiax]) 3] J + = Rootsum[1 + 111* &,

&
32 13 }

Problem 113: Result is not expressed in closed-form.

5
-~ ArcTanh[a
Je 2 [ax] X dXx

Optimal (type 3, 279 leaves, 15 steps):

{ _ 1/4
) (1—ax)9/4 ) 25 (1—ax)1/4 (1+ax)3/4 ) 5 (1—ax>5/4 (1+ax)3/4 ) 25Ar‘cTan[1— 2<1+:Xa>’1‘/4 } )

a2 (1+ax)1/4 4 a2 2 a2 42 a2

V2 @a-ax)V4 - - 1/4 - ~ 1/4
25Ar‘cTan[1+ 2 (1-ax ] 25Log[1+ l-ax _vy2 (1 ax)/ ] 25Log[1+ l-ax 4 2 (1 ax? ]
(1+ax) ¥4 Virax (1+ax)V/* \/1rax (1+ax)Y/*
+

42 a2 8+/2 a2 8+/2 a2
Result (type 7, 94 leaves):

1 e—%Ar‘cTanh[a X] (16 + 45 @2ArcTanh[ax] | o5 g4ArcTanh(a x])

a2 2 (1 + @2ArcTanh[ax] ) 2

1
ArcTanh[ax] + 2 Log [e’?A"CTa"h[aX] -]

25 X
~— RootSum |1 + =#1* &,

&
16 713 }

Problem 114: Result is not expressed in closed-form.

5
—-=ArcTanh
Je 5 rcTanh[a x] dx

Optimal (type 3, 247 leaves, 14 steps):

_ 1/4
4(1—ax)5/4 5(1—ax)1/4(1+ax)3/4 5Ar‘cTan[1—Q((1+zx—a)’l‘}4—]
- - - +

a(1+ax>1/4 a N

5 ArcTan[1 4 Y222 1/4} 5log[1l+ iax 2 (1’”)1/4] 5Log[1+ 12X 2 ”’E’X)m]

) 5 +
(1+ax) /4 J1rax (1+ax) /4 NETTE% (1rax)Y/4
- +

\/?a 2\/?a Zﬁa
Result (type 7, 83 leaves):
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1

4a

3 engr‘cTanh[a X] (4 + 5 @2ArcTanh[ax] )

- +
1+ ez ArcTanh[a x]

—%Ar‘cTanh [ax]

ArcTanh[ax] + 2 Log[e -]

5 RootSum|1 + #1* &,

8]

713

Problem 115: Result is not expressed in closed-form.

~2 ArcTanh [ax]
e 2
— dx
X

Optimal (type 3, 248 leaves, 19 steps):

8 (1- 1/4 1 1/4 > (1- 1/4
&_FZAPCTan[&] +\/7Ar‘cTan[1—ﬂ—aX)] _
(1+ax)Y (1-ax)V (1+ax)Y
2 (1- 1/4 1 1/4
\/?Ar‘cTan[lJr \/—<—ax)] —ZAPcTanh[ﬁ] +
(1+ax)1/4 (1—ax)1/4
1-ax 2 (1-ax)¥4 1-ax 2 (1-ax)¥4
Log[1+ VJilrax h (1+ax) /4 } ~ Log[1+ Jilrax i (1+ax) V4 }
V2 V2

Result (type 7, 99 leaves):

—%Ar‘cTanh[a X]

8e -

—%Ar‘cTanh[ax] ] —%Ar‘cTanh[ax] }

- 2ArcTan|e +log[l-e

- ;7 ArcTanh[a x

—ArcTanh[a x] —2Log[e ! —ttl]

—lAr‘cTanh[a x] ]

1 4
Log[1+e 2 + = RootSum|1 +11* &,

2 H13

8]

Problem 120: Unable to integrate problem.

ArcTanh[x]
Je 5 xX"dx

Optimal (type 6, 28 leaves, 2 steps):

xl*’"AppellFl[ler, i, —i, 2+m, X, —x]

1+m

Result (type 8, 14 leaves):

\J\e APCTaanh[X] Xm dlx
Problem 121: Result is not expressed in closed-form.

ArcTanh|[x]
Je 5 x2dx
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Optimal (type 3, 245leaves, 16 steps):

19 5/6 16 1 5/6 776 1 5/6 7/6
-— (1-x 1+x - — (1-Xx 1+Xx -—(1-X X (1+X -

19 1-x)ve 19 2 (1_x)1/6 19 5 (1_x)1/6
—Ar‘cTan{Q] + ——ArcTan[+/3 - ﬁ} - ——ArcTan[+/3 + Q} -
81 (1+X)1/6 162 <1+X>1/6 162 <1+X)1/6
(1- )1/3 3 (1- )1/6 (1- )1/3 3 (1- )1/5
19 Log[1 + (1;)1/3 - (M)j/s ] ) 19 Log[1 + (1;)1//3 + (1+x))1(/'s ]
108 /3 108 /3
Result (type 7, 133 leaves):
1 18 eAFCTZﬂMM (19 + 8 ez ArcTanh(x] 61 e4Ar‘cTanh[x] >
E ) (1 + @2ArcTanh[x] ) 3 *
ArcTanh[x] 1
114 ArcTan|e : | +19RootSum|[1-#1%+n1* &, ——
-1+ 2713

ArcTanh [x] ArcTanh[x]

(—ZAr‘cTanh[x} +6Llog[e > -ml|+ArcTanh(x] #1?-3Llogle : -] nlz] &|

Problem 122: Result is not expressed in closed-form.

ArcTanh[x]
J@ 3 x dx

Optimal (type 3, 224 leaves, 15 steps):

1 _ x| 16
L5 (1) (15 (1ex) 7 ancran[ 22X
6 2 9 (1 N X) 1/6
2 (1 - 1/6 2 (1- 1/6
LAr‘cTan[\/? - &} - lAr‘cTan[\/?+ &] -
18 (1+X)1/6 18 <1+X>1/6
w1 1/3 _x)\1/6 _y)1/3 _x)\1/6
LoB[L et n e 1 toBLt e s
12+/3 12+/3
Result (type 7, 127 leaves):
3 eAr‘cTa}nhLXJ (1 +7 (ez ArcTanh[x] ) ArcTanh [x] 1
= - +ArcTan[e  : || - ——RootSum|1-n1%+ 1% &,
9 (1 + @2ArcTanh(x] )2 54

ArcTanh [x] ArcTanh[x]

(ZAr'cTanh[x] -6logle s -#l]|-ArcTanh[x] #12+3Log[e > -mi] le) &]

-1l + 2113

Problem 123: Result is not expressed in closed-form.

ArcTanh[x]
Je s dx
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Optimal (type 3, 202 leaves, 14 steps):
1_x\16 2 (1-x)1/6
~(1-%)%° (14 x) V0 - EAr‘cTan ﬁ} + 1Ar‘cTan[\/?— &} -
3 <1+X>1/6 3 (1+X)1/6

1+ 1-x¥3 3 (1_)()1/5} Log[1+ (1-x)1/3 e (1_)()1/5}
(1+x) /3 (1+x) /6

(1+X>1’/6
+
23

Log|

(1+x)1/3

2+/3

(17)()1/6

2
lAr‘cTan[\/?+
3 (1+x)1/6

Result (type 7, 116leaves):

ArcTanh [x]
2e 3 2 ArcTanh[x] 1
-———————+ —ArcTan|e 3 |- —RootSum[1-#1?+n1*8,
1+ eZAr'cTanh[x] 3 9
1 ArcTanh[x] ArcTanh[x]
(2 ArcTanh[x] -6Llog[e : -#1|-ArcTanh[x] #1?+3Logle : -nl] le) &

-1+ 2113

Problem 124: Result is not expressed in closed-form.

ArcTanh[x]

e 3
dx
X

Optimal (type 3, 346 leaves, 25 steps):
2 (1_x)1/6
&] —Ar‘cTan{\/?+

2 (17)()1/6
- | +

(1 7X>1/6
—2Ar‘cTan[7} +Ar‘cTan[\/?—
<1+X>1/6 (1+x>1/6 (1+x)1/6
i 1/6 N 1/6
1- 2(;::; o 1+ _(_)_2(114:; = 1. x) 1/6
\/?Ar‘cTan[—] —\/?Ar‘cTan[—] - 2ArcTanh|[ —+—] -
\/? \/? (1_X)1/6
1_x)1/3 3 (1_x\V6 1_x)1/3 3 (1_x\V/6
lVTLog[u( )77 V3 (1-x) ]+E\/?Log[1+ ) +V—( x) ]+
2 (1+X>1/3 <1+X>1/6 2 (1+X>1/3 <1+X>1/6
1 1/6 1 1/3 1 1/6 1 1/3
lLog[l—( *x) +( *x) | - = Log[1+ *X) +( *x) ]
2 (1_X>1/6 (1_X)1/3 2 (1—X>1/6 (1_X>1/3
Result (type 7, 220leaves):
ArcTanh[x] ArcTanh[x]
ArcTanh[x] _
2ArcTan[e [ ] —\/?ArcTan[m#} —\/?Ar‘cTan[lJrze ’ |+
V3 V3
ArcTanh[x] ArcTanh[x] 1 ArcTanh[x] 2 ArcTanh[x]
Log[l-e 3 |-log[l+e : |+=-log[l-e > +e > -
2
l Log [1 . eAr‘cTasnh[x] N e2ArcTznh[x] ] ~ 1 RooLSUM [1 12,14 &,
2 3
1 ArcTanh[x] ArcTanh[x]
(2 ArcTanh[x] -6Llog[e : -#l]-ArcTanh[x] #1?+3Llogle > -ul] mz) &

-1+ 2713
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Problem 127: Unable to integrate problem.

2 ArcTanh [x]
Je 3 x"dx

Optimal (type 6, 28 leaves, 2 steps):

x1" AppellF1[1 +m, i, —i, 2+m, X, -X|

1+m

Result (type 8, 14 leaves):

J\eura;nh[x} Xm dx
Problem 128: Result is not expressed in closed-form.

2ArcTanh[x]
Je s x2dx

Optimal (type 3, 133 leaves, 5steps):

11 2/3 1/3 1 2/3 4/3 1 2/3 4/3
-— (1-x 1+x -— (1-Xx 1+X -—(1-x X (1+X
R L R o Rl T e
22Ar‘cTan[L—A1’—x)i,] 1_x)1/3
3 V3 dwgiP +ELog[1+x} +ELog[1+7( J ]
273 81 27 (1+X)1/3
Result (type 7, 154 leaves):
2 ArcTanh[x] 2 ArcTanh[x] 2 ArcTanh[x]
2 324e 540e 315e
243 B (1 + @2ArcTanh(x] ) 3 ’ (1 + @2ArcTanh(x] ) 2 1 + @2ArcTanh(x] B

2 ArcTanh[x]

22 ArcTanh[x] +33Log[1+e : | -11RootSum|1-#1?+n1*8&,

1 ArcTanh [x] ArcTanh[x]
72(ArcTanh[x] -3Llog[e s -#l]+ArcTanh[x] #12-3Log[e > -#i] le) &]
-2+#1

Problem 129: Result is not expressed in closed-form.

2 ArcTanh[x]
Je 3 x dx

Optimal (type 3, 112leaves, 4 steps):

_l (1—X)2/3 (1+X)1/3—§ (1—X)2/3 (1+X>4/3+

3
1 2 (1-x)1/3
2Ar‘cTan[ﬁ - 4—)—\5(1’;)1/3} 1 1 1—x>1/3
+ = Log[1l+x]+ —Log[1l+ ——"—]
3\/? 9 3 <1+X>1/3

Result (type 7, 124 leaves):
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2ArcTanh [x]
2 9e¢ 3 <1+4e2Ar‘cTanh[x]>

3

2 ArcTanh[x]
- 2ArcTanh[x] +3Log[l+e 3 | -RootSum|1-1?+11%8&,
<1 + @2ArcTanh(x] ) 2

ArcTanh [x]
(Ar‘cTanh [x] -3 Log[e

-2+ 112

-11] + ArcTanh [x] #1% - 3 Log [em?h[x] - 1] mz) &|

Problem 130: Result is not expressed in closed-form.
JezArcT:nh[x: dx

Optimal (type 3, 84 leaves, 3 steps):

2 ArcTan| 2= - Aﬂ%} 1 (1-x)3
_<1—x)2/3 (1+X)1/3+ V3 V3 eV +—L0g[1+x}+LOg[1+—]
V3 3 (14x)22

Result (type 7, 116 leaves):

2 ArcTanh[x]
2e 4 ArcTanh[x] 2

1+ ez ArcTanh [x]

2 ArcTanh[x] 2
+—Llog[l+e s |- —RootSum[1-n1%+n1*8&,
9 3

9
ArcTanh[x]
(Ar‘cTanh [x] -3 Log|e

3

-2+ 112

- #1] + ArcTanh[x] 1117 - 3 Log[ewaanhm - n1] mz) &

Problem 131: Result is not expressed in closed-form.

2 ArcTanh[x]
[(&] 3
— dx
X

Optimal (type 3, 135leaves, 4 steps):

\/?Ar‘cTan[L—M]Jr\/?Ar‘cTan{ ! + 2<17X>1/3
V33 (14x)Y? V33 (14x)Y?

Log [X] 3
+ = Log[1+x] +—Log[1+
2 2 2

1|13
—( )1/3]+—Log[(1—x)1/3—(1+x)1/3}
1+X 2

Result (type 7, 215leaves):

ArcTanh[x]

ArcTanh[x]

-1+2 1+2
VE Ar‘cTan[L} +4/3 Ar‘cTan[L} -
V3 V3
2 ArcTanh [x]

ArcTanh[x]
3

+Log[1f<e 3

ArcTanh[x]

| +Log[1+e >

2ArcTanh[x]

| +log[i+e = |-

ArcTanh [x]

1
~log[l-e
2

2ArcTanh[x]
+ e 3

ArcTanh[x]

1 2 ArcTanh[x]
] - — Log [1 +e 3 +e 3
2

1 2 4
| - = RootSum|[1 - #1% + n1* &,
3

ArcTanh [x]
5 (Ar‘cTanh [x] -3Llogle >
-2+l

- 11| + ArcTanh[x] =12 - 3 Log[eAma:h[X] - n1] 1:12) &

| 21
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Problem 134: Unable to integrate problem.

1
= ArcTanh[a
Jezx Xl ym gx

Optimal (type 6, 31leaves, 2 steps):

x1" AppellF1[1 +m, i, —i, 2+m, ax, -ax|

1+m
Result (type 8, 16 leaves):

1
= ArcTanh[a x
Jea Xl ym gx

Problem 135: Result is not expressed in closed-form.

1
—ArcTanh
J@a rcTanh[a x] X2 dx

Optimal (type 3, 646 leaves, 27 steps):

11 (l—ax)”8 (1+ax>1/8 (1—ax)7/8 (1+ax)9/8 X (l—ax)”8 (1+ax)9/8

+
32 33 24 a3 3 a2
242 _2[1ax)V® 22 2 (1-ax)¥
11+/2++2 ArcTan| ————2="%]  11+/2-+/2 ArcTan| ————=""|
+
128 a3 128 a3
27\5 +2(17ax>1,’3 WJrMLaXWE
11+/2++/2 ArcTan| ————2=|  114/2-+/2 ArcTan| ————2="~|
128 a3 128 a3
11/2-V2 Log[1+ @=2xt _Naw/z (eax¥0) 495 7 Log[1s 22X, 22 Geaxtt
(1rax)¥/* (1+ax)/® (1+ax) V4 (1rax)V/®
+
256 a* 256 a*
11+/2 2 L 14 (A2 ) V4 A[244/2 (1-ax)B 11 /2 2 L 14 (- )Y/ ~[2+4/2 (1-ax)VB
V2 og{ ’ (1+ax)¥* (1+ax)Y/8 ] V2 og{ ’ (1+ax)Y/* ’ (1+ax)Y/8 ]
+
256 a* 256 a3

Result (type 7, 94 leaves):

1 e}TAr‘cTanh[ax] (33 + 10 e2ArcTanh[ax] | 195 g4ArcTanh(ax] )

a3 48 <1 + @2ArcTanh[ax] ) 3

%Ar‘cTanh [ax]

ArcTanh[ax] -4 Log[e w1 |

11 8
—— RootSum[1 + #1% &,

&
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Problem 136: Result is not expressed in closed-form.

1
= ArcTanh[a x
Je‘t Xy dx

Optimal (type 3, 619 leaves, 26 steps):

(1—ax>7/8 <1+ax)1/8 <1—ax)7/8 (1+ax)9/8

¥
8 a2 2a2
22 2 r1fax]11: 272 72(1—3)()11//:
2++/2 ArcTan| ————=x7] 2-+/2 ArcTan| ————=x7]
N 2442 \ 22
" _
3232 32 a2
27\5 +2(1 ax]lr/i \/F+z[1 ax)l//’s
2++2 ArcTan [ —————(=x=] 2-+/2 ArcTan [ ————f=x"]
2442 ~ 2-+/2° B
32 a? 32 a?
242 L 14 (-2 Y4 A[2-4/2 (1-ax)¥B /2 2 L 1, (-a V4 2.2 (1-ax) /B
V2 Log [ ! (1+ax)Y/* (1+ax)Y/® ] V2 og[ ’ (1+ax)¥* ! (1+ax)Y/® ] -
64 a2 64 a2
| (1-ax)¥*  A[2+4/2 (1-ax) B / (1-ax) ¥4 242 (1-ax)Y/®
2+ \/? LOg[l * (1+ax)V/4 (1+ax) /8 ] ) 2+ﬁ Log[1+ (1+ax) ¥4 * (1+ax)/8 ]
64 a? 64 a?

Result (type 7, 83 leaves):

1 32 ef;Ar‘cTanh[a X] (1 + 9 @2ArcTanh(a x])

- +
128 a2 (1 + e2ArcTanh(ax) >2

i—Ar‘cTanh [ax]

—-ArcTanh[a x] +4Log[e —Hl}

RootSum[1 + =11° &, &]

717

Problem 137: Result is not expressed in closed-form.

1
= ArcTanh
J‘E" rcTanh[a x] dx

Optimal (type 3, 591 leaves, 25 steps):
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2-4/2 _2[1ax)® 272 2 (1-ax)Y/®
2++/2 ArcTan| ————x®® 2-+/2 ArcTan|——— e
_(1*aX>7/8 <1+ax)1/8+ [ W }+ [ W }
a 4a 4a
2z L2l [2oz o 2lrax
2++/2 ArcTan| ———=x ] 2-+/2 ArcTan| ———=x ]
2+\/7 B 27\/7 -
4a 4a
,‘[2_\/7 Log[1+ (1-ax)¥/4 B 2.2 (1_ax>1/8] )2_\/? Log[1+ (1_ax)1/’4 . \/ﬁ (1_3)()1/3]
(1+a X)l/4 (1+a x)l/8 (1+ax) ¥/ (1+ax)1/8
+ —
8a 8a
2+/2 Log[1+ (-ax)¥t _ y/2:v3 <1*ax>1”’8] 2:++/2 Log[1+ (1-ax?*  2/2 (1-a x>1/8]
(1+a x)1/'4 (1+ax)/? ) (1+ax)1/4 (1+a X)1/s
8a 8a

Result (type 7, 71 leaves):

1
~ArcTanh[ax
32es 2]

- 32e——— + RootSum|1+ 118 &,

1+62 ArcTanh[ax

ES
-ArcTanh[a x] +4 Log|e4 Arctanh (2 x] ~1f

1] &]

11’

16 a

Problem 138: Result is not expressed in closed-form.

lAr‘cTanh[a x]
es
—dx
X

Optimal (type 3, 759 leaves, 39 steps):
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(1 +a X>1/8 m 2(1-a x)lt;/s
_2Ar‘cTan{7} +WAPCTan[ (1+ax) ¥ ] )

1/8
(1-ax]) 22
244/2 - 2raxt® 22 4 2aaxis
2-+/2 Ar‘cTan[ (@+ax) /2 }_4/2+\/7 Ar‘cTan[ (1+ax)Y/® }_

\J2-+2 22
242 4 Haxi T 1’”;’: NFY (1+ax>1/8

2 - \/? ArcTan [ (1rax) } + \5 ArcTan [1 -

,727\/7 (1_ax)1/8

> (1 1/8 1 1/8
\EAr‘cTan[lJr—\/—< +ax) ]—ZAr‘cTanh[i< +ax) ]—
1/8 1/8
(1—ax) (1—ax)

1 1/4 > V2 (1 1/8
=2-+2 Log[1+< ax) " V2 (1-ax] ]+

1+ax)1/4 (1+ax>1/8

1/4 > V2 (1 1/8

—4/2-/2 Log[1+< 2x) + V2 [1-ax] ] -

1+ax)1/4 (1+ax>1/8
1 (1-ax)™* 2442 (1—ax)1/8
=/2++/2 Log[1+ e e ] +
2 <1+ax) (1+ax)

1- 1/4 2 /2 1- 1/8
NP Log[1+< 2x) A Rk (1-2x] ] +
2

(1+ax)1/4 (1+ax>1/8

2 (1vax)¥® | (dsax)¥* 2 (1+ax)¥8 | (1sax) V4
LOg [1 - 1/8 + 1/4 } LOg [1 + 1/8 + 1/a ]
(1-ax)™ (1-ax)™ (1-ax) (I-ax)*

V2 V2
Result (type 7, 128 leaves):

%Ar‘cTanh[ax] ] %Ar‘cTanh[ax] ]

—2Ar‘cTan[ce +Log[1—e

1
B Log [1 4 eZAr'cTanh[a X] ] N

}Ar‘cTanh [ax

ArcTanh[a x] —4Log[e ! —Hl]

1 4
= RootSum[1 + #1* &,
4 13

&]+

i—Ar‘cTanh[a X]

~ArcTanh[ax] +4 Log[e 111 |

1 8
= RootSum[1 + #1% &,
4 t=

8]

Problem 139: Result is not expressed in closed-form.

1Ar‘cTanh[a x]
es
— dx
X2

Optimal (type 3, 271 leaves, 16 steps):
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1-ax)”®(1+ax)¥8 1+ax)'?®
—( )7 ) —*aAr‘cTan[( ) |+
X 2 (1 _a X) 1/8
V2 (arax)V® 2 (1:ax)V/8
aArcTan|1- . :’)’1‘/8 | aArcTan[1+ o Xa));/s ] 1 1+ax)"e
- —faAr‘cTanh[il/g} +
22 2+/2 2 (1-ax)
Log[1_ Y2 (:ax)¥®  (1.ax)?/ Log 1 2 (1+ax)¥® | (dsax)V4
a Og[ (1-ax)/® + (]ﬁax)l/a] ~ a Og[ + (l—ax)l/s (l—ax)l//“]
4+/2 4~2
Result (type 7, 113 leaves):
1
—a
16
) ei—Ar‘cTanh[a X] . . X
4 |- Byw— _ 2 ArcTan [ea—Ar‘cTanh[ax]] . Log[l B e;Ar‘cTanh[ax] ] B Log[l + ea—Ar‘cTanh[ax] ]
_1 4+ @2ArcTanh[ax
LAr‘cTanh[a x]
RootSum[1+m14& ArcTanh[a x] —4Log[e4 —ttl} &]
’ 13
Problem 140: Result is not expressed in closed-form.
LAr‘cTanh[a x]
e
dx
3
Optimal (type 3, 312leaves, 17 steps):
a(1-ax)”®(1+ax)® 1-ax)”®(1+ax)?® 1+ax)Y®
LTSS TR e T S RS L WP ELL W
8 x 2x 16 (1-ax]
a2 ArcTan[1 - Y2 1=axi? 1’/’8] a2 ArcTan[1 4 Y2-1max 2] 1/8
(1-ax)Y/8 (1-ax)/® 1 l+a X)
- - —a’ArcTanh|[ —————] +
162 162 16 (1-ax)'®
a’Log[1- 2 (Leax)¥8 ”*a’”m] a2 Log |1+ Y2 (12 )78 (1ra x>1/"]
(1-ax)V/® (1-ax)/4 (1-ax)/® (1-ax) V4

322 3242

Result (type 7, 139 leaves):
.
128

1 1
;Ar‘cTanh[a X] 2 e;Ar‘cTanh[a X]

64 e 7 1 L
— _ —ZAPCTan[(E“Ar‘CTanh[aX]] +Log[1_e4ArcTanh[ax]] B
(71 + @2ArcTanh[ax] ) 2 1+ eZAr‘cTanh[a x]
L ArcTanh [ax]
1 ArcTanh[a x] -4 Log| e+ -1
Log[1+es "M 1 | Rootsum[1 + 1% &, [ } &|

13
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Problem 142: Result unnecessarily involves higher level functions.

JQB ArcTanh[a x] x™ dx

Optimal (type 5, 151 leaves, 9 steps):

3 xl+m Hyper‘geometr‘icZFl[i, %", 3%", a?x?] ax¥m Hyper‘geometr‘icZFl[i, 2 A a2 x2 |

- +
1+m 2+m

4 x**" Hypergeometric2F1 [ 3, 1:" , 3*T'", a? xz} 4 a x>*" Hypergeometric2F1 [ %, Z*T'", ‘”T'", a? xz}
+
1+m 2+m

/

Result (type 6, 265leaves):
[2 (2+m) x¥"/-1-ax

1 3
2AppellF1[1+m, - =, =, 2+m, -aX, ax|
2 2

2 (2+m) AppellF1[1+m, -

3
S 2+m, ~ax, ax| +ax

1
2
1 5 1
(3Appe11F1[2+m, -=, =, 3+m, -ax, ax| +AppellF1[2+m, —,
2 2 2
(\/1—ax \J1-a*x* AppellF1[1+m, - =, =, 2+m, -aX, ax| /
[\/1+ax

N w

,3+m, —ax, ax|

axX

1
AppellF1[2+m, - —,
2

HypergeometricPFQ| {

Problem 144: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JeAr'cTanh [ax] x™ dx

Optimal (type 5, 74 leaves, 4 steps):
xL+m Hyper‘geometr‘icZFl[%, 1*7’", 3?’", a?x?] ax¥m Hyper‘geometr‘icZFl[%, Z*T’", N a2 x2|
+

2
1+m 2+m

Result (type 6, 166 leaves):
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1

[2 (2+m) x*"/-1-ax V1-ax \/1-a*x? AppellF1[1+m, —l, ~,2+m, —ax, ax|
2 2
((1+m) (—1+ax)3/2\/1+ax

/

1 1 1
(2 (2+m) AppellF1[1+m, I 2+m, -ax, ax| +ax |AppellF1[2+m, -
i, 3+m, ~ax, ax| +Hyper‘geometr‘icPFQHl, 1+ m}, {2+ m}, a% x?| )]
2 2 2 2

Problem 145: Result unnecessarily involves higher level functions.

jefArcTanh [ax] XM dx

Optimal (type 5, 75leaves, 4 steps):

xL+m Hyper‘geometr‘icZFl[%, 1*7’", 3?’", a?x?] ax¥m Hyper‘geometr‘icZFl[%, Z*T’", 4*7’", a? x|

1+m 2+m

/

((1+m) Vi+ax |2 (2+m) AppellF1[1+m, —1, 1, 2+m, ax, -ax| -ax
2 2

Result (type 6, 134 leaves):

1 1
[2 (2+4m) x**"~/1-ax AppellFl[1+m, - =, =, 2+m, aX, -ax|
2 2

AppellF1 [2 +m,

)

1 3 . 1 m
-—, =, 3+m, ax, 7ax} +Hypergeometr‘1cPFQ[{*, 1+ *}, {2+

T 2,2
27 2 2 2 2},ax]

Problem 147: Result unnecessarily involves higher level functions.

JG—B ArcTanh[a x] x™ dx

Optimal (type 5, 150 leaves, 9 steps):

3 x1em Hyper*geometr*icZFl[i, 1;’", 3?'“, a?x?] ax¥m HypergeometriczFl[i, Zm 4*7'“, a? x?|

- +
1+m 2+m

4 x1*" Hypergeometric2F1 | 3, L, 3 a2x2] 4.2 x?™Hypergeometric2Fl| %, Zm | 4*7"‘, a? x?|

2 2

1+m 2+m

Result (type 6, 237 leaves):
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/

[2 (2 " m) xMma/1-ax

1 3
(2Appe11F1[1+m, -—, —, 2+m, ax, —ax}
2 2

2 (2+m) AppellF1[1+m, - —, E, 2+m, ax, -ax| -ax
2

,3+m,ax, —ax] ||+

N U N R

N w

1
,3+m, ax, -ax| +AppellF1[2+m, —,
2

/

1 1
(72 (2+m) AppellF1[1+m, I 2+m, ax, -—ax|+

1
(3 AppellF1[2+m, - =,
2

((1+ax) AppellF1[1+m, 7§, %, 2+m, ax, -ax|

1 3
ax |AppellF1[2+m, - =, =, 3+m, ax, -ax| +
2 2
. 1 m m 2,2 3/2
HypergeometricPFQ[{ =, 1+ —}, {2+ —}, a®xX?] ])J/ ((1+m) (1+ax) )
2 2 2

Problem 148: Unable to integrate problem.

Jen ArcTanh[a x] XM dx

Optimal (type 6, 35leaves, 2 steps):

x1™ AppellF1[1 +m, 2, —2, 2+m, ax, -ax|

1+m

Result (type 8, 14 leaves):

Jen ArcTanh[a x] XM dx

Problem 211: Unable to integrate problem.

e—ZAr‘cTanh[a X]
j s ax
c-acx

Optimal (type 3, 13 leaves, 2steps):
Log[1+ax]

ac

Result (type 8, 20leaves):

-2 ArcTanh[a x]

e
—dx
c-acX

Problem 212: Unable to integrate problem.

e—ZAr‘cTanh[a x]
Ji dx
(c-acx)?

Optimal (type 3, 11leaves, 3 steps):
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ArcTanh[a x]

ac?

Result (type 8, 20leaves):

e—ZAr‘cTanh[a X]
Ji dx
(c-acx)?

Problem 278: Unable to integrate problem.

JenAr‘cTanh[ax] (C _ac X)7/2 dx

Optimal (type 5, 81 leaves, 3 steps):

1 L 9 n
- —————2"2 (1-ax) "? (c-acx)®?Hypergeometric2Fl| y - —
ac(9-n) 2 2 2

Result (type 8, 22leaves):

JenArcTanh[ax] (C _ac X)7/2 dx

Problem 279: Unable to integrate problem.

JenAr‘cTanh[ax] (C _ac X) 5/2 dx

Optimal (type 5, 81 leaves, 3 steps):
7;21*2’ (1-ax)™? (cfacx)7/2Hyper‘geometr‘iczFl[7 n’ 72, B 1 (1-ax)]
ac (7-n) 2 2 2 2

Result (type 8, 22 leaves):

JenAr‘cTanh[ax] (C _ac X) 5/2 dx

Problem 280: Unable to integrate problem.

JenAr‘cTanh[ax] (C —ac X) 3/2 dx

Optimal (type 5, 81 leaves, 3 steps):

1 o , 5-n n 7-n
' (l—ax)’"/2 (c-acx)®?Hypergeometric2Fi| , - —
ac (5-n) 2 2 2

Result (type 8, 22leaves):

JenArcTanh[ax] (C —acx) 3/2 dx
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Problem 281: Unable to integrate problem.
JenArcTanh[ax] mdlx

Optimal (type 5, 81 leaves, 3 steps):

7¥21*3 (1—ax>’"/2 (c—acx)3/2Hyper‘geometr‘ic2F1[37n, —E, 57”, 1 (1—ax)]
ac(3-n) 2 20 2 2

Result (type 8, 22 leaves):

JenAr‘cTanh[ax] mdlx

Problem 282: Unable to integrate problem.

enAr‘cTanh[a X]

Ji dx

VC-acX

Optimal (type 5, 81 leaves, 3 steps):

- ;Zhg‘ (1-ax)™?+c-acx Hypergeometric2Fi| L_n, - E, 2on » — (1-ax)]
ac(1-n) 2 20 2 2

Result (type 8, 22 leaves):

<enAr‘cTanh[a X]
J— dx
VC-acX
Problem 283: Unable to integrate problem.
enAr‘cTanh[a X]
Ji dx
(c-acx)3/?

Optimal (type 5, 78 leaves, 3 steps):

[21*% (1-ax)"?Hypergeometric2F1| 1 (-1-n), -
2

(ac(1+n) m)

Result (type 8, 22 leaves):

enAr‘cTanh[a X]
Ji dx
(c-acx)3/?

Problem 284: Unable to integrate problem.

enAr‘cTanh[a x]
Ji dx
(c-acx)°/?

Optimal (type 5, 78 leaves, 3 steps):



32 | Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb

(-3-n), -,

[21*? (1-ax) "2 Hypergeometric2F1 |
2

N |
N |-

1-n),

N R

(1-ax)]

/

(ac (3+n) (c-acx)??)

Result (type 8, 22 leaves):

enAr‘cTanh[a X]
Ji dx
(c-acx)°/?

Problem 285: Unable to integrate problem.

enAr‘cTanh[a x]
Ji dx
(c-acx)’/?

Optimal (type 5, 78 leaves, 3 steps):

n
(—5—[’]), -

X (3-n), = (1-ax)]

[21*2 (1-ax) "?Hypergeometric2Fi |

N |
N |

(ac (5+n) (c-acx)®?)

Result (type 8, 22leaves):
enArcTanh[a X]
J & ax
(c-acx)’/?
Problem 378: Result more than twice size of optimal antiderivative.

jeArcTanh[x] /1 _x dx

Optimal (type 2, 11 leaves, 3 steps):

2 3/2
— (1+X
(1)

Result (type 2, 27 leaves):
2 (1+x) V1-x2

3vV1-x

Problem 387: Unable to integrate problem.
JeArcTanh[ax] XM /C _acx dx

Optimal (type 5, 64 leaves, 4 steps):

1 3 5
——————2cx" (-ax) " (l+ax)/1-a’x’ Hypergeometric2F1[ =, -m, =, 1+ax]
3av/c-acx 2 2

Result (type 8, 23 leaves):
JeAr‘cTanh[a X] ym mdlx
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Problem 411: Unable to integrate problem.
Je—Ar‘cTanh[a X] ym mdlx

Optimal (type 5, 114 leaves, 5steps):

2cxtmA/1 - a2 x?
- +

(3+2m) Vc-acx

1 3
(2 (5+4m) x" (-ax) ™ (1l+ax)c-acx Hypergeometric2F1[ =, -m, =, 1+ax]
2 2

/

[a (3+2m) \/1-a%x?

Result (type 8, 25leaves):
Je—Ar‘cTanh[a X] ym m dx

Problem 437: Unable to integrate problem.

Je—ZpAr‘cTanh[ax] (c-ac X>p dx

Optimal (type 5, 61 leaves, 3 steps):
1

- —————27P (1-ax)P (c-acx)'PHypergeometric2F1[p, 1+2p, 2 (1+p),
ac(1+2p)

N |

(1-ax)]

Result (type 8, 21 leaves):

JQ—ZpAr‘cTanh[ax] (C _ac X>p dx

Problem 439: Unable to integrate problem.

J\enAr‘cTanh[a x] (C _ac X) P dx

Optimal (type 5, 82leaves, 3 steps):
1

ac(2-n+2p)

1+

22 (1-ax)™? (c-acx) P Hypergeometric2Fl|- —, 1—E+p, 2—E+p, : (1-ax)]
2 2 2

n
2
Result (type 8, 20leaves):

J\enArcTanh[ax] (C —acx) P dx
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Problem 440: Result more than twice size of optimal antiderivative.

JenArcTanh[ax] (C _ac X) 3 dx

Optimal (type 5, 68 leaves, 2 steps):

PR (17ax)4‘;_Hypergeometric2F1[4f g, 7§, 5- 3, i (1-ax)]

a(8-n)
Result (type 5, 195leaves):
_ (1 ) C3 enArcTanh[ax]
24a (2+n
n n
(—e“"”a”h[ax] n (-48+44n-12n%+n®) Hypergeometric2F1[1, 1+ —, 2+ —, —e2ArcTanhlax] ]
2 2

<2+n> [an3x+n2 <—1—12ax+a2x2) +
2n (6+21ax-6a2x2+a3x3) +6 (-7-4ax+6a2x2—4a3x3+a4x4) +

n n
(-48 +44n-12n% + n?) Hypergeometric2F1[1, —, 1+ —, —e*ArcTanniax]] ) ]
2

2

Problem 441: Result more than twice size of optimal antiderivative.

jenArcTanh[a x] (C —acx) 2 dx

Optimal (type 5, 68 leaves, 2 steps):

n

21*2*(:2 (17ax)3’2’Hypergeometr‘ic2F1[3f g, - 4 - 2: i (17ax”

a (6-n)

Result (type 5, 149 leaves):
o
6a (2 + n)

n n
CZ enAr‘cTanh[ax] (_GZArcTanh[ax] n <8 —6n+ n2> Hyper‘geometr‘icZFl[l, 1+ —, 24 -, _GZAr‘cTanh[ax]] i
2 2

<2+n) (6+6ax+an2x—6a2x2+2a3x3+n (—1—6ax+a2x2) +

n n
(8 -6n+n?) Hypergeometric2F1[1, —, 1+ —, —e?ArcTanhiax]] ) ]

2

N

Problem 447: Unable to integrate problem.

JeAr‘cTanh[ax] (C _ L] P dx
aX

Optimal (type 6, 60 leaves, 3 steps):
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(c—i)px (1-ax) PAppellF1[1-p, i—p, —i, 2-p,ax, -ax|

1-p

Result (type 8, 22leaves):

eAr‘cTanh[a X] _ i P
J (c a X
Problem 456: Unable to integrate problem.

C \pP
J(EZArcTanh[ax] (C _
aX

Optimal (type 5, 59leaves, 6 steps):

dx

dx

p (pr) (cf i)pHyper‘geometr‘iCZFl[l, p, 1+p, 1- aix}

X —

( C
— c - —
a X
Result (type 8, 24 leaves):
JQZAr‘cTanh[ax] (C* i P
a X

dx
Problem 474: Unable to integrate problem.

C \pP
je4ArcTanh[ax] (C _
aX

Optimal (type 5, 93 leaves, 7 steps):

ap

dx

C (57p) (C7 ;7)71443 [ d )71+p (
- +C |C—- — X +
a(t-p

4-p) (c - i)pHypergeometriCZFl[l, p,1+p, 1- i}

ax

ax ap

Result (type 8, 24 leaves):

JQAArcTanh[ax] (C— i ple
a X
Problem 484: Unable to integrate problem.

C \Pp
Je—Ar‘cTanh[a X] (C _
ax

Optimal (type 6, 60 leaves, 3 steps):

dx

(C,L)px (1-ax) P AppellF1[1-p, - > -p, 7, 2-p, ax, -ax]

ax

1-p
Result (type 8, 24 leaves):

C \p
Je—Ar‘cTanh[a x] (C _
axX

dx
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Problem 493: Unable to integrate problem.

C
Je—ZAr‘cTanh[ax] (C _
ax

Optimal (type 5, 114 leaves, 8 steps):

p
dx

1

c \2+p c \2+p . a-—
(c - —) X (c - —) Hypergeometr‘1c2F1[1, 2+p, 3+p, ;ﬂ

ax ax

c? 2ac? (2+p)

(c ~ ;7)24) HypepgeometriCZFl[l, 2+ p, 3+ p, 1- L}

ax

ac?

Result (type 8, 24 leaves):

JeszrcTanh[a X] (c _ L) P dx
ax

Problem 499: Result more than twice size of optimal antiderivative.

e-z ArcTanh[a x]
o, dx
(e~ )
Optimal (type 3, 18leaves, 5steps):
X ArcTanh[a x]
L ore a2l

c? ac

2

Result (type 3, 40 leaves):
X Log[l-ax] Log[l+ax]
—_— - +

c? 2ac? 2ac?

Problem 510: Result unnecessarily involves imaginary or complex numbers.

Cc \9/2
JeAr‘cTanh[a x] (C _ ] dx
aX

Optimal (type 3, 225leaves, 8steps):
a3 (c— ;_X)9/2X4 (54-227ax) V1+ax 1@a? (c— i)g/zﬁ \V1+ax

+

105 (1-ax)”? 21 (1-ax)*?
Za(cf;—x)g/zxzx/lJrax 2(c7;—x>9/2xx/1+ax 7 a’/? (cf;—x)g/zxs‘/zArcSinh[\Eﬂ}
5(1—ax)3/2 71 -ax <l—ax)9/2

Result (type 3, 151 leaves):
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C
([c“ e — J1-a2x? (—30+162ax—356a2x2+292a3x3+105a4x4) /
a X

x4/ 1-a% x?
7ic®?Llog[-iVc (1+2ax)+

-l+ax

(105a4x3(1+ax))] -

Problem 511: Result unnecessarily involves imaginary or complex numbers.

C
JeArcTanh[a X] (C _
a X

Optimal (type 3, 181 leaves, 7 steps):
Za(cf;—x)7/2x2x/1+ax 2(c7:—x)7/2xx/1+ax

7/2
dx

3(17ax)3/2 5+/1-ax
a2 (c— ;7)7/2 x*v/1+ax (18+31ax) 5a°? (c— ;7)7/2 x7/2 ArcSinh [v/a /x |
+
15 (1—ax)7/2 (l—ax)”2

Result (type 3, 143 leaves):

c3 lcff V1-a?x? (6-28ax+56a%x?+15a°x3)
X

15 a3 x2 (—1+ax)

- xq/1-a%x?
iV (1+2ax)+ .

:c7/2 _
5ic Log[ i Tiax

2a

Problem 512: Result unnecessarily involves imaginary or complex numbers.

Cc 5/2
JeAr‘cTanh[a x] (C _ ) dx
aX

Optimal (type 3, 171 leaves, 7 steps):
3a? (c—i)5/2x3\/1+ax Z(C—:—X)S/Zx(1+ax)3/2

+

(1-ax)®? _ 3(1-ax)®?

4a (cf L)5/2 x2 (1+ax)3/2 3a3/2 (cf L)S/Z x*/2 ArcSinh[+/a /x|
ax _ ax
(1-ax)*? (1-ax)*?

Result (type 3, 133 leaves):
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2 c_i V1-a2x? (—2+10ax+3a2x2>
1

6 a2 x(71+ax)

9]ia\/?Log[fj\/?(1+2ax)+ ]

Problem 513: Result unnecessarily involves imaginary or complex numbers.

3/2
dx

C
jeAr'cTanh [ax] (C _
aX

Optimal (type 3, 128 leaves, 7 steps):
a (c— a%)z'/zxzm 2 (c— ;7)3/2)( (1—a2x2)3/2 va (c— L)B/Z x3/2Ar‘cSinh[\E\/?}

ax
+

(1-ax)?? (1-ax)? (1-ax)*?

Result (type 3, 119leaves):

< 242
c c—i (2+ax)\/1—a172x2 jc3/2Log[fj\E(1+2ax)+2a\,c“ Xy 1-a%x ]

B _ -l+ax
a(—1+ax) 2a

Problem 514: Result unnecessarily involves imaginary or complex numbers.

C
jeAr'cTanh[a x] Cc- dx
aX

Optimal (type 3, 84 leaves, 6 steps):

CcVi-a?x? E\/?Arcsmh[\g&]
: Ja Viax

Result (type 3, 111 leaves):

_ < 92 42 2a c—ix 1-a% x?
VT IVETE G log[ i (1h2ax) ¢

+
~1+ax 2a
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Problem 515: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x

e (ax]
—dx
c_ <
ax

Optimal (type 3, 157 leaves, 8 steps):

A2 va vx
VJi-ax /1+ax 3+1-ax ArcSinh[+/a /x | 2+/2 +/1-ax ArcTanh| JToax ]
- - +

a c- <~ a3/2 c- S /x a3/2 c- & /x
ax ax ax

Result (type 3, 203 leaves):

€ w1 _32y2 2a “’:7 x4/ 1-a2 x2
N 1-a%x 31‘1Log[—1‘1\/?(1+2ax)+ ]
+

-l+ax
c-acX 2av/c

4a c—i xy/1-a2x? -iv2 ¢ (-1-2ax+3a?x?)
Ji\/?Log{ ]

4 (-1+ax)?

avc

Problem 516: Result unnecessarily involves imaginary or complex numbers.

JeArcTanh[ax]
———dx
c \3/2
e )
Optimal (type 3, 198 leaves, 9 steps):
vi-ax V1+ax 2(1—ax)3/2\/1+ax
N

3/2 3/2
a(ciL) a2<c7L) X
ax ax

+

5 (1—ax)3/2Ar‘cSinh[\/? Vx| 7 (1-ax)*?ArcTanh| 2ﬁx ]

3/2 3/2
35/2 (c _ L) x3/2 2 a5/ (c N L) x3/2
ax

ax

Result (type 3, 211 leaves):
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[ < ey sa [ xfimn
1 4a Jc- S x(-2+ax)Vi-a®x® 10iLog[-iVc (1+2ax)+ VAT, ax]

-l+ax
= | _ + _

4a 2 (-1+ax)? 32

x+/1-a2x%? -i+/2 ¢ 3/2 -1-2ax+3a? xz)]

7 (-1+ax)?
c3/2

7]'1\/7Log

Problem 517: Result unnecessarily involves imaginary or complex numbers.
eAr‘cTanh[ax]
72d1x
e-)”

Optimal (type 3, 249 leaves, 10 steps):
Vi-ax Virax 11 (1-ax)*?+/1+ax 23 (1-ax)*?~/1+ax

2a(c—i)5/2 8 a? (C—L)S/zx 8a’ (C—L)S/sz
ax ax ax
5/2 V2 Na Jx
- (1—ax)5/2 ArcSinh[\/a_ \/;} 79 (1-ax)*?ArcTanh| J:TX ]
+
a7/2 (c— L)S/Z %5/2 8+/2 a’’? (c— L)S/Z %5/2
ax ax

Result (type 3, 222 leaves):

a |c xV1-a2x? (23 35ax+8a2x2)

32a (—1+ax)

+

2 _c [1-a2 x2
1121 Log[-i+Vc (1+2ax) + e T ]

-l+ax

c5/2

323CZ - x~/1-a?x% -8i+/2 c5/2 -1-2ax+3a?x?)

79 (-1+ax)? ]
C5/2

79 1 \/7 Log

Problem 527: Result unnecessarily involves imaginary or complex numbers.

c \9/2
jQSAr‘cTanh[ax] (C _ ] dx
ax
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Optimal (type 3, 223 leaves, 8 steps):
3a3 (c— :—X)9/2x4x/1+ax 3a? (c— i)9/2x3 (6-17ax) (1+ax)’?
- +
(1-ax)*? 35 (1-ax)”?

6a(c—i)9/2x2<1+ax)3/2 Z(C—L)g/zx(1+ax)3/2 3a7/2(C—L)Q/ZXQ/ZAPcSinh[\/?\/?]
ax ax

+

ax

- +

35 (1-ax)*? 7 (1-ax)*? (1-ax)*?
Result (type 3, 151 leaves):

4 Je- < 1-arx? (10—26ax—12a2x2+164a3x3+35a4x4)
ax

35 a% x3 (—1+ax)

2a |- xi/1-a2x?
3ic®2Log[-iVe (1+2ax)+ = ]

-l+ax

+

2a

Problem 528: Result unnecessarily involves imaginary or complex numbers.

Cc \7/2
Je?:ArcTanh[ax] (C _ ] dx
axX

Optimal (type 3, 217 leaves, 8 steps):

7/2 7/2 7/2

a3 (c—fc ) / x*/1l+ax 2a? (c—fc ) 23 <1+ax)3/2 Z(C—fc ) / x<1+ax)5/2
ax ax

- +

ax

+

(l—ax)”2 3(1—ax>7/2 ) 5(1—ax)7/2
4a (c— L)7/2 x2 (1+ax)5/2 as/2 (c— L)”Z x7/2Ar‘cSinh[\/? \/;]

ax _ ax

3(1-ax)’"? (1-ax)”?

Result (type 3, 143 leaves):

G Jc-< V1-a2x? (—6+8ax+44a2x2+15a3x3)
ax

15 a3 x2 (—1+ax>

Problem 529: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[a x] (C _
a X

Optimal (type 3, 176 leaves, 8 steps):

5/2
dx
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ax

5/2 5/2
az(c—fc)/x3\/1+ax Za(c——c)/x2(1+ax)3’/2
ax
_ . _

(1-ax)®? 3(1-ax)”?
2 (c— L)S/Zx (1-a2x?)%% 232 (c— L)S/Z x*/2 ArcSinh[v/a /x|
ax _ ax
3(1-ax)® (1-ax)*?

Result (type 3, 133 leaves):

| ¢ -a?x? (2+2ax+3a? xz)

6a2 1+ax)

Bja\/?Log[fj\/?(1+2ax)+ ]

Problem 530: Result unnecessarily involves imaginary or complex numbers.

Cc \3/2
je?:Ar'cTanh[ax] (C _
axX

dx
Optimal (type 3, 127 leaves, 7 steps):
3a (c— ;7)3/2x2\/1+ax 2 (cf :—X)B/zx (1+ax>3/2 3+va (cf ;—X)B/Zx”ZAr‘cSinh[\/?\/?]
<1_ax>3/2 N (1_ax>3/2 (1_ax>3/2

Result (type 3, 118leaves):

2¢ c—f(—2+ax)\/1—a2x2 2a c—f xV1-a?x?
X X

— -3ic*2Log[-iVe (1+2ax)+ ]
2a -l1+ax -l1+ax

Problem 531: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[ax] c- dx
ax

Optimal (type 3, 155leaves, 8 steps):

| c x+1+ax [ ¢ \/_Ar‘cSmh \/—\/— 42 |c \/—Ar‘cTanh Nirs }
Vi-ax

Va1 ax Va Tax

Result (type 3, 204 leaves):
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€ yAf1_32y2 2a c-:—x x+/ 1-a2 x2
(e XV A ey Log[ iV (1+2ax) « —Y ]

-l+ax 2a

_ < 2 2
/cax xAf1-a2x* +iV/2 Vo (-1-2ax+3a’x?)

8c (-1+ax)? }

Zix/fx/?Log

Problem 532: Result unnecessarily involves imaginary or complex numbers.

3 ArcTanh[a x]
dx

Optimal (type 3, 195leaves, 9 steps):

2+/1-ax V1+ax 1+ax)3/2
+

Joi e

7+1-ax Arc51nh \ﬁ\ﬁ} 5v2 V1 —axAr‘cTanh[M]

Wlvax

a3/2 l \/— 33/2 l \/_

Result (type 3, 210leaves):

< 2 < [1-a2 x2
1 2a fc- 7 X (-3+ax]Vi-a?x 7ilog[-ivc (1+2ax)+ AT ]

-1+ax
— - +

2a c(-1+ax)? Ve

c—— xAf1-a?x? +i/2 Vo (-1-2ax+3a%x?)

10 (-1+ax)? ]

Ve

51‘1\/7Log

Problem 533: Result unnecessarily involves imaginary or complex numbers.
Je3Ar‘cTanh[ax]
——— dX
c \3/2
(-5

Optimal (type 3, 249leaves, 10 steps):
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21 (1-ax)*?+/1+ax (1+ax)?? 9vVi-ax (1+ax)?*?
_ N _ _
8 a2 (C—L)B/Zx Za(c—L)wZ\/l—ax 8 a2 (C—L)s/zx

aXx ax ax
3/2 2
9 (1-ax)*?Arcsinh[va /x| . 51 (1-ax)>/* ArcTanh J:TX ]
5/2 [~ < \3/2 3, 5/2( 7L)3/2 3/2
a (c ax) X 442 a C ax X

Result (type 3, 220leaves):

1
16 a

_ < — a2 42 _ 22 2a C’i X/ 1-a? x2
4a |c < xVi-a*x (15 23ax+4a x) 721'1L0g[—1'1\/?(1+2ax)+ - ]

c2 <—1+ax)3 c3/2

-16ac /c—:—x x+/1-a2x% +41+/2 c3/2 (-1-2ax+3a2x?)
511i+/2 Log| ]

51 (-1+ax)?
c3/2

Problem 534: Result unnecessarily involves imaginary or complex numbers.
J\GEAPCTanh[ax]
—dx
¢ \5/2
Tax
(-5

Optimal (type 3, 293 leaves, 11 steps):

103 (1-ax)**Vi+ax (1+ax)? 13vI-ax (1+ax)*?
+ - +
32 a3 (C—L)S/ZXZ 3a(c—L)5/2m 24 32 (C—L)S/Zx
ax ax ax

43 (1—ax)3/2 (1+ax>3/2 11 (1—ax)5/2Ar‘cSinh[\/;\/;] 249 (1—ax)5/2Ar‘cTanh[ 2\/%)( ]

+ —

5/2 5/2 5/2
32 33 (C—L) X2 a7/2 (ch) X5/2 16 /2 a7/2 (C—L) X5/2
ax ax

ax

Result (type 3, 232leaves):
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4a [c- < xV1-a’x? (-219+554ax-4152a2x* +48a% X’
1
64 a

3¢3 (—1+ax)4

c—— x4/ 1-a% x?
352]‘1Log[—j1\/7 1+ 2ax +

-1l+ax

c>/2

—64ac? [c-— x+/1-a?x? +161i+/2 c5/z -1-2ax+3a’x?)

249 (-1+ax)? ]
c5/2

2491 +/2 Log|

Problem 535: Result unnecessarily involves imaginary or complex numbers.

C
Je—ArcTanh[a X] (C _
aX

Optimal (type 3, 225leaves, 8 steps):
94 a2 (cf:—x)9/2x3\/1+ax 6a(cfac—x)9/2x2\/1+ax 2(ch>9/2xx/1+ax

9/2
dx

ax

+ - +
21 (1-ax)*? 5(1-ax)? 7V1-ax
a3 (c— acx)9/2 x*\/1+ax (2718+521ax) 11 a7/2 (c— ;7)9/2 xg/zArcSinh[\/? \/;]
+
105 (1—ax>9/2 (1—ax)9/2

Result (type 3, 151 leaves):

[c4 /c-i A/ 1-a%x? (30—246ax+1028a2x2—4156a3x3+105a4x4)J/(105a4x3(—1+ax))+
a X

a [c- x+/ 1-a% x?
11]'1c9/2Log[—j1\/? +2ax +

-l+ax

2a

Problem 536: Result unnecessarily involves imaginary or complex numbers.

C
Je—Ar‘cTanh[a X] (C _
aX

Optimal (type 3, 179leaves, 7 steps):

7/2
dx
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7/2 7/2
Za(c—i)/xzx/1+ax Z(C—L)/X\/1+ax
ax

ax

<1—¢'=IX)3/2 5v1-ax
a2 (c— ;—X)7/2 x3\/1+ax (66+7ax) 9a5?2 (c— i)wzx”zArcSinh[ﬁ\/?}
5(1-ax)’? (1-ax)”?

Result (type 3, 143 leaves):

c3 /c—ac—x V1-a2x? (—2+16ax—92a2x2+5a3x3)

5 a3 x2 (—1+ax)

2 _c 1-a2x2?
9ic”2Log[-iVe (1+2ax)+ e T ]

-l+ax

+

2a

Problem 537: Result unnecessarily involves imaginary or complex numbers.

C
Je—Ar‘cTanh[ax] (C _
ax

Optimal (type 3, 137 leaves, 6 steps):
Z(C—:—X)S/Zxx/l+ax a(c—L)5/2x2<18—ax>v1+ax

ax

5/2
dx

+

3+/1-ax 3(1-ax)?
7 a3/2 (c- ;7)5/2 x>/2 ArcSinh[v/a /x |
(1_ax)5/2

Result (type 3, 135leaves):
c 2a [c-< x+/1-a%x?
¢ Je- S V1-a?x (2-22ax+32a% X’ 71 c52Log[-i T (1+2ax) + \ ]
+

-1l+ax

3a2x(—1+ax> 2a

Problem 538: Result unnecessarily involves imaginary or complex numbers.

C
Je—Ar‘cTanh[a X] (C _
ax

Optimal (type 3, 126 leaves, 6 steps):
Z(C—:—X)3/2xx/1+ax a(c—L)B/ZXZ\/1+ax 5\/?(c—i)g/zx”zAr‘cSinh[\/?\/?]
- +

ax

3/2
dx

(17ax)3/2 <l—aX>3/2 <1—aX)3/2

Result (type 3, 118leaves):
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2¢ c—i(—2+ax)x/1—a2x2 2a [c-< xvV1-a2x?

— +51ic*Log[-iVe (1+2ax)+ ]
2a -l+ax -l+ax

Problem 539: Result unnecessarily involves imaginary or complex numbers.

C
Je—Ar‘cTanh[a x] c- dx
ax

Optimal (type 3, 90 leaves, 6 steps):

| c X1 3 Jc \ﬁAI"CSlnh \/7\/7}

Va V1-ax

Result (type 3, 110leaves):

_ < A1 _ 32 y2 c—— X/ 1-a? x?
€T e XV 3 Log[-i Ve (1r2ax) + R
+

-l+ax

-l+ax 2a

Problem 540: Result unnecessarily involves imaginary or complex numbers.

—ArcTanh [a x]
dx

Optimal (type 3, 88leaves, 6 steps):
Vi-ax Virax V1-ax ArcSinh[va /x|

a [c- < 232 . < Jx
ax ax

Result (type 3, 113 leaves):

/ 2 92 c——x\llaxZ
\/ 1-a'x ilog[-1i \/_ 1+2ax)+

-1l+ax
1+ax) 2a+c

Problem 541: Result unnecessarily involves imaginary or complex numbers.

e—Ar‘cTanh[a x]
— dx
3/2
Gl
ax

Optimal (type 3, 159 leaves, 9 steps):
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(1- )S/ZW (1-ax)*?Arcsinh[va /x| . V2 (1—ax)3/2ArcTanh[w2Taax ]

3/2 3/2 3/2
( L) 35/2 (c B L) x3/2 35/2 (c B L) x3/2
ax ax ax

Result (type 3, 205leaves):

> o 1-a2 2
\/ -atx? ilog|-1i \/?(1+2ax)+ Py e TV ]

-1l+ax
N
(-1+ax) 2ac3?
—4ac /c—— x 1/ 1-a2 x2 +1\/_c3/2 -1-2ax+3a?x?)
1lo
g 2 (-1+ax)? ]
V2 ac3?

Problem 542: Result unnecessarily involves imaginary or complex numbers.
J\eArcTanh[ax]
— dx
c \5/2
Tax
Gl

Optimal (type 3, 208 leaves, 9 steps):
(1-ax)??V1+ax 3 (1-ax)??/1+ax
+

+
2 a2 (c—i)S/Zx 2a3 (c—i)smxz
3 (17ax)5/2Ar‘cSinh[\/?\/?} _9 (1—a )S/ZAr‘cTanh[ %X}
a7/2 (c— L)S/Z %5/2 2+/2 a72 (c— L)S/z %572
ax ax

Result (type 3, 214 leaves):
< / 2a [c-< xq/1-a%x?
A R x (-3+2ax) Vi-a’x* 12 Log[-i+c (1+2ax) + 2 ]

-l+ax
— - +

8a c(-1+ax)? c5/2

-8ac? [c-5 xi[1-a2x? +2i+/2 /2 (-1-2ax+3a%x?)

9 (-1+ax)? ]

91‘1\/7Log

c5/2

Problem 543: Result unnecessarily involves imaginary or complex numbers.

e—Ar‘cTanh[a x]

TS dx
/

Gl

ax
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Optimal (type 3, 252 leaves, 10 steps):
(1—ax)3/2x/1+ax 15(1—ax)5/2\/1+ax 35(1—ax>7/2\/1+ax

c 7/2
4 ’ ( _)
ax

7/2 7/2
16 a3 (C—L> x? 16 a* (C—L) x3
ax ax

c (1—ax)7/2Ar‘cSinh[\/? Vx| 115 (1-ax)’/? ArcTanh | 2\%" ]
+

7/2 7/2
39/2 (C—L> x7/2 16 /2 39/2 (C—L) x7/2
aXx

ax

Result (type 3, 222 leaves):

4a lc—ac—x xvV1-a?x? (35—55ax+16a2x2)
1

64 a c“(—1+ax)3 i

_< _n2 y2
2a cax x4/ 1-a“x ]

160 i Log[-1i+Vc (1+2ax) +

-l+ax
+
c7/2
64acd [c-S x~/1-a?x? +16i+/2 /2 (-1-2ax+3a?x?)
1151 V2 Log| = ]
g 115 (-1+ax)?

c’7/2

Problem 554: Result unnecessarily involves imaginary or complex numbers.

9/2
dx

C
Je—BAr‘cTanh[ax] (C _
ax

Optimal (type 3, 267 leaves, 9 steps):

5 a% (c— L)9/2 x> (587—109ax) 70 a3 (c— L)Q/Z x4 50 a2 (c— L)Q/Z x3
ax i ax _ ax N
7 (1-ax)*?/1+ax (1-ax)*?V1+ax 7 (1-ax)¥?V1+ax
10 a (c— i)g/zx2 2 (c— :—X)Q/ZX\/l—ax 15 a7/2 (c— :—X)g/zxg/zAr‘cSinh[\/? \/?}
7+/1-ax V1+ax 7+1+ax (1—61X)9/2

Result (type 3, 152 leaves):

C4

ax

c- = (-2+20ax-118a%x*+720a° x> + 1755 a* x* + 7 a° x°)

7a*x3vV1-a?x?

2 < 1-a2 x?
151 c®2Log[-iVc (1+2ax)+ RV el ]

-l+ax

2a
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Problem 555: Result unnecessarily involves imaginary or complex numbers.

c \7/2
Je—sArcTanh[a x] (C _ ) dx
aX

Optimal (type 3, 225leaves, 8steps):

_a3 (c_i)7/zx4(2525—427ax)_ 398 32 (C—;*X)sz?’ + 38a(c—;—x)7/zxz _

15(1—ax>7/2\/1+ax 15(1—ax)3/2\/1+ax 15/1-ax V1+ax
2 (cf :—X)szx/lfax 13 a%/2 (cf ;—X)7/2 x7/2Ar'cSinh[\/?\/?}
+

5+/1+ax (1-ax)”?
Result (type 3, 144 leaves):

c3 /c—a‘—x (6—62ax+548a2x2+1591a3x3+15a4x4)

15a3x2\/1-a2x2
13jc7/2Log[—i\/?<1+2aX)+ iax }
2a

Problem 556: Result unnecessarily involves imaginary or complex numbers.

C
Je—SAr‘cTanh[a X] (C =
aX

Optimal (type 3, 181 leaves, 7 steps):

5/2
dx

a? (cfi)mx3 (191 - 25ax) 26a(c—L)5/2x2
ax + ax _
3(1-ax)”?/1+ax 3+v1-ax J1+ax
2 (c— L)S/ZX\/l—ax 11 a3/2 (c— ;—X)S/Z x*/2 ArcSinh [v/a /x |

ax

3+/1+ax (1—23X>5/2

Result (type 3, 134 leaves):

2 c—;—x (-2+32ax+133a2x2+3a3x3)

2
6a xV1-a?x?

33ia+/c Log[-iVc (1+2ax)+ ]
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Problem 557: Result unnecessarily involves imaginary or complex numbers.

C 3/2
JQ—SArcTanh[a x] (C _ ) dx
aX

Optimal (type 3, 133 leaves, 6 steps):
2 (c— i)yzxvl—ax a (c— i)yzx2 (23—ax) 9/a (c— i)3/2x3/2ArcSinh[\/?\/?]

+

V1+ax (1—ax)3/2\/1+ax (1—ax)3/2

Result (type 3, 119leaves):

2¢c [c- < (2+19ax+a2x2) 2a [c- < xvV1-a2x?
1 ax ax

— —9Jic3/2Log[—Ji\/?(1+2ax)+ ]
2a 1-a%x?

Problem 558: Result unnecessarily involves imaginary or complex numbers.

C
JQ—B ArcTanh[a x] c- dx
aX

Optimal (type 3, 123 leaves, 6 steps):

[ c | c xV1+ax | ¢ \/_Ar‘cSmh \/—\/—]

\/1—ax \/1+ax \/7\/ 1-ax

Result (type 3, 108 leaves):

_ < c——X\llazx2
\ € ax X (9rax) 71/C Log[-i VT (1+2ax)+ )

-l+ax
V1 -a?x? 2a

Problem 559: Result unnecessarily involves imaginary or complex numbers.

—3 ArcTanh[a x]
dx

Optimal (type 3, 127 leaves, 7steps):
(1-ax) 5\/1 ax ArcSinh \/—\/—]

5v1-ax
a |c m | c- m a¥’? |c \/_

Result (type 3, 140leaves):
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c (-1+ax) [1_ a2 x2 (7;7 3 B 2 ) ' i (c2acx) 2ax “_(’:;_”)«ll_alxz
ax c c (-1+ax) c (1+ax) 51 LOg[_ N + teax ]
a 2a+c

Problem 560: Result unnecessarily involves imaginary or complex numbers.

e—BAr‘cTanh[a x]
— dXx
3/2
Gl
ax

Optimal (type 3, 131 leaves, 7 steps):
2 (1-ax)*? 3(1-ax)*?+/1+ax 3 (1-ax)’?ArcSinh[Va /x|

- +

3/2 3/2 3/2
3 (c— L) 1+ax 32 (c— L) X 35/2 (c— L) x3/2
ax ax ax

Result (type 3, 111 leaves):

< 2a [c- = \/].—aT
xlc_acx X(3+ax) 31‘1Log[—1’1\/?(1+23x)+ o ” ]

-1+ax

ciald 2232
Problem 561: Result unnecessarily involves imaginary or complex numbers.
JGBArcTanh[ax]
—dXx
c \5/2
(e )

Optimal (type 3, 199 leaves, 9 steps):

(1-ax)*? 2 (1-ax)*?/1+ax
- +
a2 (ch)S/ZX\/1+ax a3 (ch)S/sz
ax ax

(l—ax)S/zAr‘cSinh[\/? Vx| (1-ax)*ArcTanh| Z:TX ]

+

5/2 5/2
a7/2 (c— L) %5/2 NEW YL (c— L) X572
ax

ax

Result (type 3, 205leaves):

o Py _c [1-a2 x2
LAk X (2rax) 21/C Log[-iv/c (1+2ax) s LT

-1l+ax

4c? V1-a?x? a

4ac? c—:—x X~/ 1-a2x? -i+/2 c5/2 (-1-2ax+3a%x?)

(-1+ax)? }

iv2 e Log|
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Problem 562: Result unnecessarily involves imaginary or complex numbers.

e—BAr‘cTanh[a x]
P dx
/
Gl

Optimal (type 3, 251 leaves, 10 steps):
(1-ax)*? (1-ax)”? 7 (1-ax)”?/1+ax

+ +

7/2 7/2 7/2
2 a2 (C—L) x\V1+ax 4a3(c—L) x24/1+ax 4a4(c—L) x3
ax ax ax

(1—ax)7/2 Arcsinh[va /x| 11 (1-ax)’’? Ar‘cTanh[M\/%X ]

7/2 7/2
39/2 (c _ L) x7/2 42 392 (c _ L) x7/2
ax

ax

Result (type 3, 228 leaves):

x
16 a
— 92 42 2.2 2a c—i x4/ 1-a2 x2
a [c-< x\1-a2x (-7+ax+4a?x?) 81Log[ iT (1+2ax) + - ]
(-1+ax)? (1+ax) c’’?
16ac? c—— X/ 1- a2x2—41rc7/2 -1-2ax+3a?x?)
11i 2 Log| rRIET— ]
C7/2

Problem 565: Result unnecessarily involves imaginary or complex numbers.

C
JeAr*cTanh[a x] c- XZ dx
aXx

Optimal (type 3, 179 leaves, 8 steps):

/ XV1+ax c--< x2+/1l+ax
1-ax

2Viax  12aviax

| c Ji+ax | ¢ \/_Ar'cslnh \/—\/—]

3v/1-ax 8a*2+/1-ax
Result (type 3, 128 leaves):
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a lc—i xV1-a?x? (—3+2ax+8a2x2)

48 a3 -1l+ax

+

2a Jc- = xV1-a?x?
ax

3iVc Log[-i+Vc (1+2ax)+ ]

-l+ax

Problem 566: Result unnecessarily involves imaginary or complex numbers.

C
JeAr*cTanh[a x] c- x d X
a X

Optimal (type 3, 135leaves, 7 steps):

[ ¢ xv1+ax /c— JVi+vax | ¢ \/_Ar‘cSmh \/—\/—]

2+/1-ax 4332+/1-ax

Result (type 3, 120leaves):

1
8 a?
2a c—a‘—x X (1+2ax)V1-a?x? 2a c—i xV1-a?x?
+ive Log[-iVe (1+2ax)+ |
-1+ax -l+ax

Problem 567: Result unnecessarily involves imaginary or complex numbers.

C
jeAr‘cTanh[a x] c- dx
ax

Optimal (type 3, 85leaves, 6 steps):

| c xvV1+ax /c—i WAr‘csinh[\/?\/?]
V1-ax

\E\/l—ax

Result (type 3, 111 leaves):

w xV1-a3x 1\/—Log[1\/_(1+2ax>+za“&a%x 1732)(2]

-l+ax
+

-1l+ax
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Problem 568: Result unnecessarily involves imaginary or complex numbers.

eAr‘cTanh [ax] Cc - <
ax

dx
X

Optimal (type 3, 86 leaves, 6 steps):
2 [c-< Jivrax 2+/a |c
- a X

Result (type 3, 105leaves):

2 lc—i V1 - a?x? 2a c—ac—x xV1-a?x?
+J'L\/?Log[—i\/?(1+2ax>+

-l+ax -l+ax

\/7Ar'c51nh [Va x|
J1-ax

Problem 582: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[a x] c- X3 dx
a X

Optimal (type 3, 292 leaves, 11 steps):

7 |c- xvV/1l+rax 21 c—i x(1+ax)3/2
a X

64a3+/1- 32a3+1-ax
11 lc—Lx2(1+ax)3/2 [c- < x3 (1+ax>3/2
ax ax
24a2+/1-ax 4a+1-ax
3 |c \ﬁAr‘cSmh \/7\/7 4\/7/ \ﬁAr'cTanh ]
1+ax
64a’/2\/1-ax a’”’?2+/1-ax

Result (type 3, 231 leaves):
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a /c—i xV1-a?x? <447+214ax+136a2x2+48a3x3)

384 a* -l+ax

ax
1089 i /¢ Log[-i+c (1+2ax)+ ]+
-l+ax
ia*|41ia lc—i xvV1-a?x? +\/7\/?(—1—2ax+3a2x2)
7681 /2 V¢ Log]| ]

8¢ (—1+ax)2

Problem 583: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[a x] c- X2 dx
aX

Optimal (type 3, 248 leaves, 10 steps):

| c xv/1l+rax 3 c—Lx(1+ax)3/2 lc—Lx2(1+ax)3/2
ax ax

Vi-ax 4a2+/1-ax 3avl-ax
| c \/7Ar'c51nh[\/7\/7 42 |c \/7Ar‘cTanh[ X ]
1+ax
8a%/2+/1-ax a®>/2+4/1-ax

Result (type 3, 223 leaves):

a [c- xV1-a?x? (57 26ax+8a2x2)

48 a3 -l+ax

ax
1351‘1\/?Log[—j1\/?(1+2ax)+ ] +

41ia /c—i xvV1-a2x2 +/2 Ve (—1—2ax+3a2x2)

8c (—1+ax)2

9612 c Log|

]
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Problem 584: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[a x] c- x dx
aX

Optimal (type 3, 204 leaves, 9 steps):

7 |c x/1+ax c—i x(1+ax>3’/2

2avVl-ax

Vi-ax
| c \/7Ar‘c51nh \/7( 4\/7l \FArcTanh }
1+ax
4a32+/1-ax a¥/2+/1-ax
Result (type 3, 211 leaves):
1
8 a2
2a /cfaL)(x(QJrZax)\/lfazx2 2a cfac—x xV1-a?x?
-23i+/c Log[-i+/c (1+2ax)+ ]+
-l+ax -1l+ax

a |c xV1 +1\/—\/—< 1-2ax+3a? xz)
16]1x/7\/?Log

(- 1+ax>

]

Problem 585: Result unnecessarily involves imaginary or complex numbers.

C
Je3Ar‘cTanh[a x] Cc- dx
aXx

Optimal (type 3, 155leaves, 8 steps):

| c xV1+ax | c \/7Ar‘c51nh \ﬁ\ﬁ 4( | c \FArcTanh TTax }
Vi-ax

\/—\/ l1-ax \/—\/1 ax

Result (type 3, 204 leaves):



58 | Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb

€ yAf1_32y2 2a c-:—x x+/ 1-a2 x2
(e XV A ey Log[ iV (1+2ax) « —Y ]

-l+ax 2a

_ < 2 2
/cax xAf1-a2x* +iV/2 Vo (-1-2ax+3a’x?)

8c (-1+ax)? }

Zix/fx/?Log

Problem 586: Result unnecessarily involves imaginary or complex numbers.

3 ArcTanh[a x] c- c
ax

e

dx
X

Optimal (type 3, 154 leaves, 8 steps):

2 [c-< +1+ax 2+/a |c \/—Ar‘cSmh \/—\/_]

e

4~/2 \Ja |c \/—Ar‘cTanh e ]

Tiax
Result (type 3, 196 leaves):

2 lc—i V1-a%x? 2a c—i xV1-a?%x?
—J'L\/?Log[—i\/?(1+2ax)+

-l+ax -l+ax

|+

a |c- xV1-a2x? +iV2 v/c (-1-2ax+3a%x?)

c (- 1+ax>

Zjﬁ\/?Log ]

Problem 587: Result unnecessarily involves imaginary or complex numbers.

e3ArcTanh[a x] c- <
ax

dx
x2

Optimal (type 3, 147 leaves, 6 steps):

[c- < A1+rax 2 |c- (1+ax>3’/2 4-/2 @32 |c V/x ArcTanh| ]
1+ax
_ax X

3xvV1l-ax Vv1-a

Result (type 3, 145leaves):
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2 Jc-=< (1+7ax)vV1-a%x?
( )

ax

i
3 X ( 1+ax

a |c xV1 +1\/—\/—< 1-2ax+3a? x2>
Zjﬁa\/?Log

8ac< 1+ax)

]

Problem 588: Result unnecessarily involves imaginary or complex numbers.

3 ArcTanh[a x] Cc - <
ax

e

dx

x3

Optimal (type 3, 191 leaves, 7 steps):

| ¢ \/m 2a }c—i (1+ax)3/2
Vi-ax Ji-ax 7
2 |c <1+ax)5/2 4~/2 a5 |c \/—Ar‘cTanh v ]
X

5x2+/1-ax V1-a
Result (type 3, 155leaves):

2 lc_i J1-azx? (3+11ax+38a2x?)

15x2( 1+ax

| c xv1 +11\/—\/—( 1-2ax+3a? xz)
ZjﬁaZ\/?Log

8a’c (- 1+ax)

J

Problem 589: Result unnecessarily involves imaginary or complex numbers.

e3ArcTanh[a x] c- <
ax

dx
x4

Optimal (type 3, 237 leaves, 9 steps):
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104a% [c- < Jl1rax 2 [c-< J1rax | c \/1+ax
—ax —ax

21+vV1-ax

32a2 [c- < J1+ax 4+/2 a’? |c \/—Ar'cTanh[ e ]
_ a X - a X
Result (type 3, 163 leaves):

sz(s+9ax+16a2x2+52a3x3>
ax

21x3( 1+ax

| c X1 +1V—\/—( 1-2ax+3a? xz)
21'1\/7a3\/?L0g

8ac (- 1+ax)

+

]

Problem 590: Result unnecessarily involves imaginary or complex numbers.

3 ArcTanh[a x] c- <
ax

e

dx

Optimal (type 3, 281 leaves, 10 steps):

1576 a* [c- < +1l+ax [c- =< +/1+ax 38a /c—aLX V1+ax
- ax

315+ 1-ax Vi1-ax 63x3V1-ax
92a2 [c- < Jl+ax 472a% [c-< +J1+ax 4\/—a9/2/ \/—Ar‘cTanh[ ]
1+ax
105 x2/1-ax 315xv1-ax V1-ax

Result (type 3, 171 leaves):

2 lc—i V1-a2x? (35+95ax+138a2x2+236a3x3+788a4x4)

315 x* ( 1+ax)

| ¢ xv1 +1\/—\/—( 1-2ax+3a? xz)
21‘1\/7a4\/?L0g

8atc (- 1+ax)

+

J
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Problem 592: Result unnecessarily involves imaginary or complex numbers.

C
Je—ArcTanh[a X] c- X2 dx
a X

Optimal (type 3, 182leaves, 8steps):

e XV1+ax | c- 24/1+ax
—ax —ax

Result (type 3, 128 leaves):

a [c- xV1-a?x? 33 22ax+8a2x2)

48 a3 ~1l+ax

33i+/c Log[-i+/c (1+2ax)+ ]

Problem 593: Result unnecessarily involves imaginary or complex numbers.

C
Je—Ar‘cTanh[a X] c- x dx
aX

Optimal (type 3, 138 leaves, 7 steps):

:—X xvV1+ax /c— 24/1 | c \/7Ar‘c51nh \/7(]
Vi-ax —ax

4a%2+/1-ax

Result (type 3, 120leaves):

1
8 a2
2a cfac—xx(f7+2ax)\/1—a2x2 2a [c- = xV1-a%?x?

—711V?Log[—11\/?(1+2ax)+ ]

-l+ax



62 | Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb

Problem 594: Result unnecessarily involves imaginary or complex numbers.

C
Je—ArcTanh [ax] c- dx
a X

Optimal (type 3, 90leaves, 6 steps):

| c xV1-a2x2 3 |c \/—AI"CSII’]h x/_\/_}

Va iax

Result (type 3, 110leaves):

€ ywAf1_32x2 /c——x\/laxz
T IVITE 3 T log iV (1h2ax)
+

-1l+ax

-l+ax 2a

Problem 595: Result unnecessarily involves imaginary or complex numbers.

e—Ar‘cTanh[a x] c - <
ax

dx
X

Optimal (type 3, 89leaves, 6 steps):

2 [c- = vitaix 2va fc-
1-ax

N

\ﬁAI"CSlnh \/7\/7]
1-ax

Result (type 3, 105leaves):

2 lcfaLX V1-a?x? a |c xV1- azx2
—i\/?Log[—i\/?(1+2ax +

-l+ax -l+ax

Problem 608: Result unnecessarily involves imaginary or complex numbers.

C
Je—BAr‘cTanh[a X] c- X3 dx
ax

Optimal (type 3, 262 leaves, 9 steps):
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c- < x* 1115 [c- < x+/1+ax 1115 [c- < x2+/1+ax
ax ax ax
a a

V1-ax \/1+ax 64a3\1-ax

3 |c Vivax |c x*v1+ax 1115 [c- < /x Arcsinh[vVa /x|
Vi-ax 4+/1-ax

Ji-ax 64a’’2\/1-ax

96a2+/1-ax

Result (type 3, 137 leaves):

2a [c- 5 x (-3345—1115ax+446a2x2-2eea3x3+48a4x4)
X

384a4 '\/1_a2X2

a |c xV1-a2x?
33451i+/c Log[-iVc (1+2ax)+

-1l+ax

]

Problem 609: Result unnecessarily involves imaginary or complex numbers.

C
Je—BAr‘cTanh[a X] c- XZ dx
aX

Optimal (type 3, 218 leaves, 8steps):

| c ;x3 | c xV1+ax 9 |c 24/1+ax
Vi-ax Vi-ax

V1-ax \/1+ax

/c—i x*/1+ax 119 |c \ﬁAPCSlnh[\/i\/i]
3+v1-ax

8a%/2+/1-ax

Result (type 3, 129 leaves):

2a |c- < x(357+119ax—38a2x2+8a3x3>
1 ax

48 a3 V1-a?x?
2a c—ix 1-a2x?
3571’1\/?L0g[—1’1\/?(1+2ax)+ ]

| 63
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Problem 610: Result unnecessarily involves imaginary or complex numbers.

C
Je—BArcTanh[a X] c- x dx
a X

Optimal (type 3, 174 leaves, 7 steps):

| c ;xz | c xV1+ax
Vi-ax

VJ1-ax \/1+ax

/c—i x21+ax | c \/7Ar‘c51nh \ﬁ\ﬁ]
2vV1-ax

4a32+/1-ax

Result (type 3, 121 leaves):

1
8 a2
2a c—aLXx(—47—13ax+2a2x2) 2a c’aLx xV1-a%x?
+471i+/c Log[-i+/c (1+2ax)+ ]
/1 - a2 x2 -l1+ax

Problem 611: Result unnecessarily involves imaginary or complex numbers.

C
Je% ArcTanh[ax] c- dx
axX

Optimal (type 3, 123 leaves, 6 steps):

| ¢ | c x+1+ax | ¢ \/_Ar‘cSmh \/—\/—]
Ji-ax

\/1 a X \/1+ax \/7\/ 1-ax

Result (type 3, 108 leaves):

- X~/ 1-a2 x2
\'c ax x(9+ax) 711\/?Log[—j1\/— 1+2ax +

-l+ax
V1 -a?x? 2a

Problem 612: Result unnecessarily involves imaginary or complex numbers.

e—3 ArcTanh[ax]

dx
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Optimal (type 3, 124 leaves, 6 steps):

| c c—ac—x 2+/a /c—ac—x \/?Ar‘csinh[\/?\/?}
V1-ax

\/1—ax V1+ax \/1 ax \/1+ax

Result (type 3, 104 leaves):

2 /cfac—x (1+5ax) | c xV1-a?x?
+2Il\/?LOg[—]i\/?<1+ZaX +

m -l+ax

Problem 617: Unable to integrate problem.

C \p
Jen ArcTanh[a x] (C _
axX

Optimal (type 6, 64 leaves, 3 steps):
1 c

. =

1-p [ ax

dx

P _ 1 n
x (1-ax)PAppellF1[1-p, = (n-2p), -—, 2-p, ax, -ax|
2 2
Result (type 8, 24 leaves):
JenAr‘cTanh[ax] (C _ L]p dx
ax

Problem 618: Unable to integrate problem.

C \P
Je—ZpAr‘cTanh[ax] (C _
aX

Optimal (type 6, 54 leaves, 3 steps):

dx

(c—:—x)px (1-ax) P AppellF1[1-p, -2p, p, 2-Pp, aX, -aX]

1-p

Result (type 8, 25leaves):

-2 pArcTanh[ax i P
Je i e (C_ ax) ax
Problem 619: Unable to integrate problem.

C \p
JEZpAr‘cTanh[a x] (C _
a X

Optimal (type 5, 50 leaves, 3 steps):

dx

(c— ;—X)px (1-ax) P Hypergeometric2F1[1-p, -p, 2-p, -ax]

1-p

Result (type 8, 25leaves):



66 | Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb

p
dx

J(EZpAr‘cTanh[ax] (C _ L
aX
Problem 624: Attempted integration timed out after 120 seconds.

c \3/2
JenAr‘cTanh[a x] (C _
ax

dx
Optimal (type 6, 54 leaves, 3 steps):

) 2 (c— i)g/zxAppellFl[—i, % (-3+n), —%, %, ax, -ax|

<17ax)3/2

Result (type 1, 1leaves):

PP

Problem 625: Attempted integration timed out after 120 seconds.

C
Jen ArcTanh[a x] c- dx
a X

Optimal (type 6, 54 leaves, 3 steps):

e < 11 no3

2 Je-= xAppellFl[z, ) (-1+n), -5 2 ax, ~ax]
V1-ax

Result (type 1, 1leaves):

e

Problem 626: Attempted integration timed out after 120 seconds.

nArcTanh[ax

e [ax]
—dx
c_ <
ax

Optimal (type 6, 56 leaves, 3 steps):

2xvV1-ax AppellFl[i, th’ —3, %, ax, —ax]

3 [c- &

ax

Result (type 1, 1leaves):

2?7



Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb | 67

Problem 627: Attempted integration timed out after 120 seconds.

enAr‘cTanh[a x]
— dXx
3/2
(e~
ax

Optimal (type 6, 56 leaves, 3 steps):

2x (1—ax)3/2AppellF1[§, 3*T”, —g, %, ax, -ax|

5 (c - =
Result (type 1, 1leaves):

???

Problem 789: Unable to integrate problem.

C
JQ—Z p ArcTanh[a x] [C _
a? x?

Optimal (type 5, 53 leaves, 3 steps):

1 C p
(c— x (1-a*x*) P Hypergeometric2F1[1-2p, -2p, 2-2p, ax]
1-2p a2 x?

P
dx

Result (type 8, 25leaves):

JQ—ZpAr‘cTanh[a X] [C _ - P dx
a?x?
Problem 790: Unable to integrate problem.

C P
JQZpAr‘cTanh[ax] (C _ ) dx
a? x?

Optimal (type 5, 54 leaves, 3 steps):

1 ( C
c_
1-2p a2 x?

p
x (1-a*x*) P Hypergeometric2F1[1-2p, -2p, 2-2p, -ax]

Result (type 8, 25leaves):

2 pArcTanh[ax c P
Je P hlax] (c— azxz) dx
Problem 800: Unable to integrate problem.

C P
Jen ArcTanh[ax] (C _ ) dx
a? x?

Optimal (type 6, 72 leaves, 3 steps):
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" (1-a?x?) P AppellF1[1-2p,

1 ( C
c,
1-2p a? x?

(n-2p), —E—p,Z—Zp,ax, -ax]

N |

Result (type 8, 24 leaves):

enArcTanh[a x] _ c P
j (c S xz) dx
Problem 801: Result unnecessarily involves higher level functions.

C P
Je4Ar‘cTanh[ax] (C _ ) dx
a? x?

Optimal (type 5, 339 leaves, 13 steps):

c P2
Za(cf )x 1

a% x?

(1-p) (1-ax) (1rax) 1 2p

(c— )px (1-ax)™ (1+ax)")Hyper‘geome‘cr'iCZFl[l (1-2p), 2-p, 1 (3-2p), a®x?] +
a’ x? 2 2
! 6az(c— P (1-ax) P (1+ax)P
3-2p a2 x?
1 1 1
Hypergeometric2F1| (3-2p),2-p, = (5-2p), @ x2] +
2 2 5-2p

P (1-ax) P (1+ax) PHypergeometric2Fl|

a* (c—

N |

l 2,2
a2 x2 (5—2P>,2—P,2(7—2p),ax}+
1 233 px4 (1—ax)’P (1+ax)’pHypergeometr\iCZFl{z_p’ 2-p,3-p, aZXZ]
2-p

C -

a? x?

Result (type 6, 319leaves):

c P
[ ae)
a?x?
l-ax)P 1. s o p .
( (4(—1+ax)p (1+ax) P (-1+a®x?) P Hypergeometric2F1[1-2p, 2-p,
1-2p l+ax
2ax 1 3
2-2p, | + (1-a?x?) P Hypergeometric2F1[ = -p, -p, —-p, a>x*|| -
1+ax 2 )

(8 (-1+p) (1-ax)? (—1+ax)’1+p (1-a>x*)P (-1+22x%) P

AppellFl1[1-2p, 1-p, -p,2-2p, ax, —ax])/
((-1+2p) (2 (-1+p) AppellF1[1-2p, 1-p, -p, 2-2p, ax, -ax] +
ax ((-1+p) AppellF1[2-2p, 2-p, -p, 3-2p, ax, -ax] -

p HypergeometricPFQ[{1-p, 1-p}, {2-p}, a XZ”)))

Problem 802: Unable to integrate problem.

C P
Je3 ArcTanh[a x] (C _ ) dx
a? x?

Optimal (type 5, 217 leaves, 7 steps):
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(Ciazcxz)px _a(C7a;7)pX2+ 1
(1-2p) V1-a2x? \/1-a2x? 3-2p
3 a2 (c— ZC ; P (1—azxz)"’Hyper*geome‘cr'icZFl[l (3-2p), i7p, : (5-2p), a® x| +
a‘ x 2 2 2
———a (5-2p) [c— P2 (1-a?x?) P Hypergeometric2F1|[1 - p, i—p, 2-p, a?x?]
2 (1-p) a? x2 2

Result (type 8, 24 leaves):

JQBAr‘cTanh[a X] (C _ < P dx
aZ x?
Problem 803: Result unnecessarily involves higher level functions.

C
Jez ArcTanh[a x] (C _
a? x?

Optimal (type 5, 217 leaves, 10 steps):

! - x(amax) P (aeax)
1-2p a? x?

p
dx

1
3-2p

(3-2p),1-p,

Hypergeometric2Fi |

N |

(1-2p), 1-p, 1 (3-2p), a®x?] +
2

P 1

a2 (c - x> (1-ax) P (1+ax) P Hypergeometric2Fi | (5-2p), a* x2] +

N |

a? x?

N

P2 (1-ax) P (1+ax) PHypergeometric2F1[1-p, 1-p, 2-p, a*x?]

1

a|C-
1- p ( a2 NG
Result (type 6, 235leaves):

1 C
-

P _
-1+2p a? x? x(lfazxz)p

(Hyper‘geometr‘icZFl[l—p, -p, i—p, a’x?| + (4 (-1+p) (1-ax)P (—1+ax)'1+p
2 2

(l—azxz)2|D (-1+a*x?) P AppellF1[1-2p, 1-p, -p, 2-2p, ax, —ax])/
(2 (-1+p) AppellF1[1-2p, 1-p, -p, 2-2p, ax, -ax] +ax ((-1+p) AppellF1[2-2p,

2-p, -p, 3-2p, ax, -ax] - pHypergeometricPFQ[{1-p, 1-p}, {2-p}, azxzﬂ)

Problem 804: Unable to integrate problem.

C p
JeAr‘cTanh[a X] (C _
a? x?

dx
Optimal (type 5, 137 leaves, 5 steps):
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" (1-a?x?) P Hypergeometric2Fi |

(3-2p), a®x?| +

N |

1
(1’2p>1 ;*P:

N |

1 ( C
c,
1-2p a? x?
p

a [c - x? (1-a*x?) P Hyper‘geome‘cr‘icZFl[1 -p, 1-p, 2-p, a?x?
2 (1-p) a? x? 2

Result (type 8, 22 leaves):

JeArcTanh[a X] (C _ c P dx
aZ x?
Problem 805: Unable to integrate problem.

C
J\efAr‘cTanh[a X] (C _
a? x?

Optimal (type 5, 137 leaves, 5steps):

p
dx

-~ (1-a?x?) P Hypergeometric2F1| =~ (1-2p), l*P,
2

1 C
c- 3-2p), a?x?| -
. (3-2p), ]
1

a&f
2 (1-p) a? x?

N |
N |

a2 x?
p

1
x* (1-a®x?) P Hypergeometric2F1[ =~ -p, 1-p, 2-p, a’ x?|
2

Result (type 8, 24 leaves):

Je—ArcTanh[ax] (C _ ZC ; P dx
a“ X
Problem 806: Result unnecessarily involves higher level functions.

C
Je—z ArcTanh[a x] (C _
a?x?

Optimal (type 5, 218 leaves, 10 steps):

P
dx

! - x(amax) P (1eax)

1-2p a? x?
1 1 1

Hypergeometric2F1[ = (1-2p), 1-p, = (3-2p), a®x*] +
2 2 3_2p

a2 (cf % (1-ax)P (1+ax)"’Hyper‘geome‘cr‘icZFl[1 (3-2p), 1-p, : (5-2p), a?x?| -

a? x? 2 2
! a(cf )P (1-ax) P (1+ax) PHypergeometric2F1[1-p, 1-p, 2-p, a’x?]
1-p a? x?

Result (type 6, 226 leaves):
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P

c
c_
[ a? x?
(1-a2x?) P Hypergeometric2F1[> -p, -p, 2 _p, a?x?]
2 2 +<4(71+p) (—1+ax)p(1+ax)’1+p

-1+2p

(-1+a*x*) P AppellF1[1-2p, -p, 1-p, 2-2p, aX, —ax])/
((1-2p) (2 (-1+p) AppellF1[1-2p, -p, 1-p,2-2p, ax, -ax] +
ax (-(-1+p)AppellF1[2-2p, -p, 2-p, 3-2p, ax, -ax] +

p HypergeometricPFQ[ {1-p, 1-p}, {2-p}, a’x*])))

Problem 807: Unable to integrate problem.

C
Je—SArcTanh[a x] (C _
a? x?

Optimal (type 5, 216 leaves, 7 steps):

p
dx

(c—azcxz)px a(C—EZCT)'[)x2 1
+ +
(1-2p) V1-a2x? V1-a2x? 3-2p
3a2 (c— I EaNE (1-a2x?) " Hyper‘geometr‘icZFl[1 (3-2p), i—p, : (5-2p), a®x?] -
a? x? 2 2 2
a(5-2p) [cf P2 (1-a?x?) P Hypergeometric2F1|1 - p, E—p, 2-p, a?x?]
2 (1-p) a? x? 2

Result (type 8, 24 leaves):

C P
Je—BArcTanh[ax] (C _
a?x?

dx

Problem 808: Result unnecessarily involves imaginary or complex numbers.

JeAr‘cTanh[X] XmSin[X] dx

Optimal (type 4, 240 leaves, 16 steps):

| 71
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3+/1-x Cos[x] - (1-x)>?Cos[x] -3 l Cos[1] FresnelC]| A1
3
l Cos| Fr‘esnelS 1 +2+/ 2 Cos| Fr‘esnelS V1

3 |z FresnelC| 2 V1-x|Sin[1] -2+/25 FresnelC| 2 V1-x|sin[1] -
2 2 7T 7T

3
Fr‘esnelS V1 Sln —+1-x Sin[x]
2

Result (type 4, 185leaves):
1 (1+i) V-1+x

- - (-11-1) \FmErfi[
8V1-x2 2 V2

((-4-3i)+(2+31) x+2x?*) (24 Cos[x] -2Sin[x]) +

[2 ((-3-44)+ (3+2i)x+2ix3) (Cos[1] +iSin[1]) - (1+114) | = +/“1+x
\ 2

1vV1+x

| (Cos[1] +iSin[1]) +

[<1+Ji) V-1+X
V2

Erf | (Cos[x] +1isSin[x])

(Cos[1+x] jSin[1+x})J

Problem 809: Result unnecessarily involves imaginary or complex numbers.

J AcTan[x) /T, % Sin[

Optimal (type 4, 141 leaves, 11 steps):

\/1-x Cos[x] - |z Cos[1] FresnelC| 2 V1-x|+2+/27 Cos[1] Fresnels| 2 Vi-x] -
2 T Tt
2~/2 7 FresnelC| 2 V1-x|sin[1] - X Fresnels| 2 V1-x |sin[1]
7T 2 7T

Result (type 4, 129 leaves):

: (1+4i) (-1)>% eV Erfi[ (-1)Y*V1-x ]+ !
4 V-1ex A1ex

e X \1-x? (2 (1+e?tX) Volex + (1-4i) (-1)% et 40 Erfif (-1)V* V-1 x )
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Problem 810: Result unnecessarily involves imaginary or complex numbers.

JeAr'cTanh[X] \/ﬁXSiN[X] dx

Optimal (type 4, 163 leaves, 13 steps):

V1+x Cos[x] - (1+x)>?Cos[x] - l Cos[1] FresnelC| | = V/1+x ]
3
l Cos| Fr‘esnelS — AV1l+x | +— Fr*esnelc V1+x Sln -

3
Fr‘esnelS / 1+x Sin[1] + —+V1+x Sin[x]
2

Result (type 4, 168 leaves):

1 (l+j— et (1) /1 _x
V1 - x2

16 16
[(—3—211) et*\/27 \/-1-x Erf|

(1+i)V-1-x

]+e

(2+21) (3+e“"(—3+21’1x)+21’1x)

|

Problem 811: Result unnecessarily involves imaginary or complex numbers.
J ArcTanh [ q/l X Sln dx

V2

(1+i) V-1-x

(1+x) +(3-21) e ™ V2 \/-1-x Erfi]

]

V2

Optimal (type 4, 72leaves, 7 steps):

-v1+x Cos[x] + /I Cos[1] FresnelC| 2 Viex ]+ |z Fresnels| /E V1+x]sin[1]
2 7T 2 7T

Result (type 4, 138 leaves):
( et 101 (2t (1 2t VTTox + (-1) et 00 Erfi] (-1) VAV T x| +
(71)1/4&*\5&%1[(71)3/4m])]/ (4m\/ﬁ)

Problem 812: Result unnecessarily involves imaginary or complex numbers.

JeA'"CTa”h[X] e (1 + x) 325in[x] dx
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Optimal (type 4, 335leaves, 22 steps):

Y o1 Cos[x] -5 (1-x)*2Cos[x] +
4

(1-x)*%Cos[x] +E |z Cos[1] FresnelC| 2 Vi-x] -
4 2 7T
2 15 7T 2
4~/27 Cos[1] FresnelC| | = +/1-x |-~ |~ Cos[1] FresnelS| | — ~/1-x |+
s 2 2 7T
|2 15 [ |2 .
4+/25m Cos[1] Fr‘esnelS[ — Vv1-x ] +— | — Fr‘esnelc[ — Vv1-x ] Sin[1] -
7 2 2 7

|2 15 | 2
a~/27 Fresnelc| | = v1-x|sin[1]+ = |~ Fresnels| | Z v1-x |sin[1] -
7t s

4\ 2

4~/27 FresnelS| 2 V1-x | sin[1] —E\/l—x Sin[x] +E (1—x)3/ZSin[x}
7T 2

2

Result (type 4, 201 leaves):

j 1+1) V-1
! i+i) 1+x |(-2-171) V27w /-1+x Er‘-Fi[< +1) +X]<Cos[1]+jsin[1])—
Jiox@ 32 32 V2
(2-21) ((-1-20i) - (11-101i) x+ (8+10i) x* +4x>) (Cos[x] +iSin[x]) -
(1+1) |2 ((-1+20i) - (11+10i) x+ (8-101i) x> +4x>) (-iCos[1] +Sin[1]) + (15+191i)

1+1)+/-1
[T 1+ x Erf[( Hl)v_ tx | (Cosix] +iSin[x])| (Cos[1+x]-iSin[1+x])
2 2

Problem 813: Result unnecessarily involves imaginary or complex numbers.

JeA”CTa”hm (1+x) 325in[x] dx

Optimal (type 4, 236 leaves, 16 steps):
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4~/1-x Cos[x] - (1-x)*?Cos[x] -2~/27 Cos[1] FresnelC]| 2 Vi-x] -
JT

2 2
3 |z Cos[1] FresnelS[ | = +/1-x | +4+/27 Cos[1] Fresnels| | = +/1-x |+
2 2 7T 7T
3 |z FresnelC| 2 V1-x|Sin[1] -4~/25 FresnelC| 2 V1-x|sin[1] -
2 2 7T 7T

3
242 FresnelS V1 Sln —+V1-x Sin[x]
2

Result (type 4, 178 leaves):

1
8vV-1+x vV1+x

NET (5+211’L)\/?Er'fi[(1+j> X | (Cos[1] +isin[1])+2~/-1+x ((6+31)+2x)

V2

(Cos[x] +isin[x]) -1

2((3+61)+2ix)-1+x (Cos[1]+1iSin[1]) +

7T (1+]'L) Vv-1+X
(21+514) | — Erf| | (-1 Cos[x] +Sin[x])| (Cos[1+x]-1iSin[1+x])
2 \/?

Problem 814: Result unnecessarily involves imaginary or complex numbers.

JeArcTanh[x] <1 _ X> 3/2 v 5in [x] dx

Optimal (type 4, 193 leaves, 19 steps):

T Tix Cos[x] -3 (1+x)*?Cos[x] + (1+x)*?Cos[x] L2 [T cos1] FresnelC| 2 ix ] -
4 2 7T

4

I Cos[1] FresnelS| Niex |+ = Fresnelc[ V1+x |Sin[1] +

9 5
Fr‘esnelS = V1+x]sin[1] + =+/1+x Sin[x] - = (1+x)*?sin[x]
2

2

Result (type 4, 215 leaves):
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1
16 V1 - x2
V1-x let (18—71’1)\/?4/—1'1(1+x) +2et @ ((-15-81i) - (19-2i) x+101ix* +4x%) -

(18-7i) V/ir +[-i (1+x) Erf[\[-i (1+x) })+
e’“((—30+16J’L)—(38+4J’L)X—201’1x2+8x3+(18+7:|i)ei(l*”\/?«/i(1+x) -
(18+71) e @ /i \[i (1+x) Erf[{[i (1+x) }))

Problem 815: Result unnecessarily involves imaginary or complex numbers.

JeArcTanh[x] (1 _ X> 3/264n [x] dx

Optimal (type 4, 157 leaves, 13 steps):

-2+/1+x Cos[x] + (1+x)*?Cos[x] ++/27 Cos[1] FresnelC| /5 Viex ]+
JT

3 2 3 2
2 L cos1] Fresnels| | = V/1+x |-~ | a FresnelC[ | = +/1+x | Sin[1] +
2 2 7T 2 2 7T

V27 FresnelS| /3 V1+x | Sin[1] —i\/1+x Sin[x]
7T 2

Result (type 4, 176 leaves):

1
V-1-x V1-x
[i+f—6)e*“ 1-x% | (2+2d)V-1-x ((-3+2i)+e**((3+21)-2ix)-2ix)-

(1+i)V-1-x

(3+41i)e'*/2r Erf|

| (Cos[1] -isSin[1]) +

V2
1+1 -1-
(4+31) e'*/2r Erfi[( i) X | (-iCos[1] +Sin[1])
V2

Problem 816: Result unnecessarily involves imaginary or complex numbers.

eAr‘cTanh[x] X Sin [X]
J dx

1+Xx

Optimal (type 4, 140leaves, 11 steps):
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\V1-x Cos[x] - l Cos| Fr‘esnelc V1 ++v2m Cos| Fr‘esnelS — 1
2
2 Fr‘esnelC V1-x Sln - /E Fr‘esnelS[ — Vv1-x ] Sin[1]
2 7T

Result (type 4, 165 leaves):

1
1-x?

; 1+1) /-1
[1+£) T+x | (-2-1)V27m /-1+x Erfi[( r1) +X}(Cos{lhl'lSin[l])f(ZfZJi)
8 8 NPY

(-1+x) (Cos[x] +iSin[x]) - (1-1i) |2 (-1+x) (Cos[1] +iSin[1 (3+1) / V-1+x

(1+i) V-1+x
Erf| ](COS[X]+iSin[X]> (Cos[1+x] -1iSin[1+x])

V2

Problem 817: Result unnecessarily involves imaginary or complex numbers.

eAr‘cTanh Sln [ ]
J dx
1+

X

Optimal (type 4, 62 leaves, 6 steps):

V2 Cos| Fr‘esnelS — 1 -2 FresnelC at Sln

Result (type 4, 98 leaves):

1 1
—+£] E\/—1+X V1+x
J1-ox2 ‘2 2 2

{m[ (1+1) m] cost) - siniay) - eor[ 127 N we
2 V2

| (Cos[1] +1Sin[1])

Problem 872: Result unnecessarily involves higher level functions.

eAr‘cTanh[a+b X]
J dx
1-a?2-2abx-b?x?

Optimal (type 2, 27 leaves, 2 steps):
V1+a+bx
bv1-a-bx

Result (type 3, 12leaves):
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eAr‘cTanh [a+b x]

b

Problem 875: Unable to integrate problem.

Jen ArcTanh[a+b Xx] x™ dx

Optimal (type 6, 109 leaves, 4 steps):

1 b x n/2
e (1—a—bx)"‘/2 (1+a+bx)"/2 (1——
1+m 1-a
bx "2 n n b x b x
(1+ AppellF1[1+m, —, - —, 2+m, , - ]
1+a 2 2 1-a 1+a

Result (type 8, 16 leaves):

Jen ArcTanh[a+b x] x™ dx

Problem 880: Unable to integrate problem.

eh ArcTanh[a+b x]
J s ax
X

Optimal (type 5, 135leaves, 5steps):

1 l1-a-b
12 (1—a—bx)'n/2 (1+a+bx)"/2 Hypergeometric2Fi[1, —E, 1- E, 1+2) [t-2-bx)
n 2 2 (1-a) (1+a+bx)
27 (1-a-bx) " Hypergeometric2f1[- T, -7, 1- 0, (1-a-bx)]
n 2 2 2 2

Result (type 8, 16 leaves):

e ArcTanh[a+b x]
J s ax
X

Problem 881: Unable to integrate problem.

e ArcTanh[a+b x]

J ax
XZ

Optimal (type 5, 92 leaves, 2 steps):
1

1-a)2 (2-n)

(1+a) (1-a-bx]

)

4b (1-a —bx)l’% (1+a erx)if(’z”'> Hypergeometric2F1[2, 1 - E, 21
2

Result (type 8, 16 leaves):

; (l—a) (1+a+bx)
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e" ArcTanh[a+b x]
J— dx
X2

Problem 882: Unable to integrate problem.

en ArcTanh[a+b x]
J ax

x3

Optimal (type 5, 152 leaves, 3 steps):

2+n

1-a-bx)¥: (1+a+bx)> :
(rmacb) E (1)t (e e (1oasbx) ™ (1easbx)t
2 (1-a%) x?

,272) (1+a) (1-a-bx])
2 (1-a) (1+a+bx)

Hypergeometric2F1[2, 1 -

] /((17a)3 (1+2) (2-n))

NS

Result (type 8, 16 leaves):

e" ArcTanh[a+b x]
J s ax
X3

Problem 924: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
JeAr‘cTanh[ax] dx

V1 - a?x?

Optimal (type 3, 12leaves, 2 steps):
Log[1l-ax]

a
Result (type 4, 52 leaves):
2i+/-a? EllipticF[iArcSinh[v/-a? x|, 1] -alog[-1+a?x?]

2 a2

Problem 961: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

eAr‘cTanh[a x]
Ji dx
Ve-a2cx?
Optimal (type 3, 41leaves, 3 steps):
V1-a%x? Log[l-ax]
avc-a?cx?

Result (type 4, 87 leaves):
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[a \J1-2a*x* |21iaEllipticF[iArcSinh[+/-a? x|, 1] ++/-a% Log[-1+a®x?]
(2 (—a2)3/2x/c—a2cx2

)/

Problem 970: Result unnecessarily involves higher level functions.
eAr‘cTanh[a x] y
j " ax
(c-a?cx?)??
Optimal (type 3, 91 leaves, 5steps):

V1-a2x? V1-a?x? ArcTanh[ax]
2a’c (1-ax) Vc-a?cx? 2a2cvVc-atcx?

Result (type 4, 93 leaves):
—([1‘1 \/1—a2x2 1'1\/—a2 +a (-1+ax) EllipticF[i ArcSinh[+/-a® x|, 1})]/
(2 (—az)S/zc (-1+ax)/c-a*cx?

Problem 971: Result unnecessarily involves higher level functions.
(eArcTanh [ax]
J— dx
(c-a?cx?)??
Optimal (type 3, 91 leaves, 5 steps):

V1-a?x? V1 -a%x? ArcTanh[ax]
+
2ac(l-ax)Vc-atcx? 2acvc-atcx?

Result (type 4, 91 leaves):
(a \/1—a2x2 \/—a2 +ia(-1+ax) EllipticF[iArcSinh[+/-a® x], 1})]/
(2 (-a%)*?c (-1+ax)Jc-a’cx? )

Problem 972: Result unnecessarily involves higher level functions.
eArcTanh [ax]
J dx
x (c-a?cx?)??

Optimal (type 3, 165leaves, 4 steps):

V1-a%x? V1-a%x? Log[x] 3+1-a2x? Log[l-ax] ~1-a%x? Log[l+ax]
. _ _
2c(1—ax) Ve-a2cx? cvVec-a?cx? 4c+c-a’cx? 4cc-a’cx?

Result (type 4, 121 leaves):
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(-1+ (-1+ax) Log[x?] + (1-aX) Log[l—azxz}))]/ (2 -a? ¢ (-1+ax) x/l—azxz)

-ia(-1+ax) EllipticF|i ArcSinh[+/-a% x|, 1] ++/-a’

Problem 973: Result unnecessarily involves higher level functions.
j @ArcTanh[ax] N
x? (c-a?cx?)??
Optimal (type 3, 206 leaves, 4 steps):
Visaid a1 alx
CexveoaToxd 2c(1-ax)Ve-aToxd
amLog[ﬂ SaWLog[l—ax] amLog[1+ax1
cNedod  acVoaod oo atod

Result (type 4, 135leaves):
[ﬂc—azcx2
\-a® (2-3ax+ax(-1+ax) Log[x?] +ax (1-ax) Log[l—azxz]))J/

(2 -a® ?x (-1+ax)+1-a*x?

-3ia?x (-1+ax) EllipticF[i ArcSinh[+/-a% x], 1] +

Problem 974: Result unnecessarily involves higher level functions.
@ArcTanh[ax]
J dx
x* (c-a?cx?)??
Optimal (type 3, 255leaves, 4 steps):
Vi-a2x? avi-aZx? a2\/1-a2x?
_2cxzm . cxvc-atcx? ' 2c (1-ax| Ve-aZex?
2a2+/1-a2x? Log[x] 7a*v/1-a?x? Log[l-ax] a2+/1-a2x? Log[l+ax]
Result (type 4, 153 leaves):

[xlc—azcxz
\-a® (1+ax-3a’x?+2a’x? (-1+ax) Log[x?]| -2a’x? (-1+aXx) Log[l—azxz])))/
(2 -a? X (-1+ax)q/1-a°x?

+

-3ia’x? (-1+ax) EllipticF[iArcSinh[+/-a® x|, 1] +




82 | Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb

Problem 975: Result unnecessarily involves higher level functions.
J @ArcTanh [a x] ix
x* (c-a?cx?)??
Optimal (type 3, 297 leaves, 4 steps):
Vi1-atx? avi-azx? 2a2+/1-a2x? a3v1-a2x?
e veoalox  2cxive-alod  cxve-aloxt 2c(1-ax) Ve-alox
2a3v/1-a2x? Log[x] 9a*V/1-a2x? Log[l-ax] a3+/1-a2x? Log[l+ax]
Ve @od  acve ol acc aiex
Result (type 4, 161 leaves):

(ﬂc—azcx2
(2+ax+9a’x*-15a°x*+6a° x> (-1+ax) Log[x*] -6a> x> (-1+aXx) Log[l—azxz})J)/

(6 -a? 2 (-1+ax)/1-a°x?

+

-151ia*x® (-1+ax) EllipticF[iArcSinh[+/-a® x|, 1] ++/-a?

Problem 979: Result unnecessarily involves higher level functions.

eAr‘cTanh[a X] X3
—dx
(c-a?cx?)®?

Optimal (type 3, 184 leaves, 5steps):

1-aZx? 1-aZx?
- +
8a4c2(1—ax)2\/c—a2cx2 2a%c? (1-ax) Vc-a*cx?
V1-a?x? 3+/1-a2x? ArcTanh[ax]
+

ga*c? (1+ax)Vec-a’cx? ga*c?/c-alcx?
Result (type 4, 122leaves):
[Jia
( “a? (-2-ax+5a?x?) -3ia(-1+ax)? (1+ax) EllipticF|[i ArcSinh[~/-a? x], 1]])/
(8a4 a2 (~1vax)? (1rax)Jc-atcx®

Problem 980: Result unnecessarily involves higher level functions.

<eAr‘cTanh[a x] X2
J X ax
(c-a2cx?)®?

Optimal (type 3, 184 leaves, 5steps):
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Vi-a2x? 1-ax2
8a3c2(1—ax)2m 4a3c2(1—ax)m

V1-azx? mAr‘cTanh[ax}
8a’lc? (1+ax) Vc-a’cx? 8alc?+v/c-atcx?

Result (type 4, 119leaves):
NFerr

( -a? (-2+3ax+a’x?) +ia(-1+ax)?(1+ax) EllipticF[jArcSinh[\/?x}, 1]])/

(s (-a2)%2c? (-1+ax)? (1+ax)Jc-a2cx?

Problem 981: Result unnecessarily involves higher level functions.

eAr‘cTanh[ax] X
J— dx
(c—azcxz)S/2
Optimal (type 3, 137 leaves, 5 steps):
1-a%x? V1-a%x? V1-a?x? ArcTanh[ax]
. B
8a2c2(1—ax)2\/c—a2cx2 8a2c2(1+ax)\/c—a2cx2 8a2c2+c-a%cx?

Result (type 4, 118 leaves):
=

( -a? (2-ax+a’x?) +ia(-1+ax)? (1+ax) EllipticF[i ArcSinh[/-a? x], 1])]/

(s (-a2)%% 2 (—1+ax)2(1+ax)m)

Problem 982: Result unnecessarily involves higher level functions.
eAr‘cTanh [ax]
j— dx
(c-a?cx?)®?
Optimal (type 3, 184 leaves, 5steps):
V1-a%x? V1-a%x?
+
8ac2(1—ax)2\/c—a2cx2 4ac?(l-ax)Vc-atcx?

V1-a?x? 34/1-a2x? ArcTanh[aXx]
+
8ac2(1+ax)\/c—a2cx2 8ac?vc-a?cx?

Result (type 4, 120leaves):
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—([a 1-a’x?
(\/j (2+3ax-3a’x*)-3ia (—1+ax)2 (1+ax) EllipticF[jAr‘cSinh[\/?x}, 1]])/
(8 (-a%)*?c? (-1+ax)? (1+ax)~c-a2cx?

Problem 983: Result unnecessarily involves higher level functions.
gArcTanh[ax]
J dx
x (c-a?cx?)®?
Optimal (type 3, 252 leaves, 4 steps):
Vi-a?x? Vi-a?x? Vi-aZ?x?
8 c2 (1—ax)2m ) 2c% (1-ax) Ve-aZex? ' 8c? (1+ax) Ve-aZex? '
mLog[x] 11mLog[1—ax] 5\/1—&172)(2L0g[1+ax}
ccoaToxd 16 alcd 16 alcd
Result (type 4, 162 leaves):

(ﬂc—azcx2

(6—ax—3a2x2+4(—1+ax)2 (1+ax) Log[x?] -4 (-1+ax)? (1+ax) Log[l—azxz})”/

-3ia (—1+ax)2 (1+ax) EllipticF[iArcSinh[+/-a? x|, 1] ++/-a?

(8 —a% 3 (—1+ax)2 (1+ax)/1-a%x*

Problem 984: Result unnecessarily involves higher level functions.

eAr‘cTanh [ax]
J dx
5/2
x2 ) /

(c—azcx2

Optimal (type 3, 295 leaves, 4 steps):

V1-a?x? aVvi1-aZx?
- + +
c2x+c-a2cx? 8c2(17ax)2\/c—a2cx2
3av/1-a%2x? avi1l-azx? a\/1-a?x? Log[x]
+ _

4c2(1—ax)\/c—a2cx2 8c2(1+ax)\/c—a2cx2 c2+/c-a%cx?
23a+/1-a?x? Log[l-ax] 7av1-a%2x? Log[l+ax]
+
16 c2vc-a?cx? 16 c2 v c - aZ c x?

Result (type 4, 180leaves):
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[\/C—aZCXZ
A/ - a? (—8+14ax+11a2x2—15a3x3+4ax (-1+ax)* (1+ax) Log[x?] -

4ax (-1+ax)? (1+ax) Log[l—azxz])])/(S ~a? Ax (-1+ax)? (1+ax)q/1-a2x?

-151i a?x (—1+ax)2 (1+ax) EllipticF[i ArcSinh[+/-a® x], 1] +

Problem 985: Result unnecessarily involves higher level functions.

eAr‘cTanh[a x]
J ax
x? (c-a2cx?)”?

Optimal (type 3, 345leaves, 4 steps):

2 2

avil-aZx . a?v/1-a?x?

2o aT o cxyc atcxd 8¢ (1-ax)?Ve acxd
a?v1-a%x? N a’+/1-a%x? +3a2mLog[x]

c2<1—ax)m 8c2(1+ax)m 2/c-aZcx?

39a2+/1-a2x? Log[l-ax] 9a?+v/1-a%2x? Log[l+ax]
16c2\/c-a2cx? 16 c2\/c-a2cx?

Result (type 4, 198 leaves):

[xlcfazcx2

\/ -a? (—4—4ax+22a2x2+3a3x3—15a4x4+12a2x2 (-1+ax)? (1+ax) Log[x*] -
12a?x% (-1+ax)? (1+ax) Log[l—azxz])])/

(8 —a? 3x? (—1+ax)2 (1+ax) xllfazxz)

1-aZx

+

-15ia*x? (-1+ax)? (1+ax) EllipticF[i ArcSinh[~/-a% x], 1] +

Problem 986: Result unnecessarily involves higher level functions.

eAr‘cTanh [ax]
— dx
(c-a?cx?)’?

Optimal (type 3, 277 leaves, 5steps):

V1 -a?x? 3+1-a2x? 3+/1-a?x?
+ + -
24 a3 c3 (1—ax)3\/c—a2cx2 32ac3 (1—ax>2\/c—a2cx2 16ac (1-ax)Vc-a*cx?
1-a2x? 1-a2x? 54/1-a%2x? ArcTanh[ax]
- +

32ac3’<1+ax)2\/c—a2cx2 8ac3 (1+ax)\/c—a2cx2 16ac3+/c-a?cx?

Result (type 4, 138 leaves):
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—([a\/l—azxz
15ia(-1+ax)? (1+ax)2EllipticF[jArcSinh[\/?x], 1})]/
(48 (7a2)3/2c3 (71+ax)3 (1+ax)2ﬂc—a2cx2 )

Problem 989: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

eAr‘cTanh[a X] ym
———dx
c-a’cx?

\/—a2 (—8—25ax+25a2x2+15a3x3—15a4x4) -

Optimal (type 5, 80leaves, 4 steps):

xLem Hyper‘geometr‘icZFl[%, 1*?’“, 3*7"', a?x?]  ax?'"Hypergeometric2F1| i, Z*T’“, 4*7"', a? x?|

+

¢ (1+m) c(2+m)

Result (type 6, 391 leaves):
1

————— (2+m) xt" (2\/—1—ax AppellF1[1+m, —l, i, 2+m, ~ax, ax| /
2c (1+m) 272
((—1+ax)3/2 (2 (2+m) AppellF1[1+m, —1, 3, 2+m, -ax, ax| +ax (3Appe11F1[2+m, —1,
2 2 2
5, 3+m, ~ax, ax| +AppellF1[2+m, 1, z, 3+m, ~ax, ax| ] +#
2 2 2 V1+ax
Vi-ax |[[v/-1-ax /1-a?x? AppellF1[1+m,—l, 1,2+m,—ax,ax} /
2 2
((71+ax)3/2 (2 (2+m) AppellF1[1+m, 7§, %, 2+m, —ax, ax| +ax |AppellF1[2 +m,
1 3 A 1 m m
-=, =, 3+m, —ax, ax| +HypergeometricPFQ[{ =, 1+ ~}, {2+ —}, a®x?| )+
2 2 2 2 2
AppellF1[1+m, 73, 1, 2+m, ax, -a x]/ [2 (2+m) AppellF1[1+m, 71, 1,
2 2 2 2

1 3
2+m, ax, -ax| -ax |AppellF1[2+m, - =, =, 3+m, ax, -ax]| +
2 2
Hyper‘geometr‘icPFQHl, 1+ m}, {2+ m}, a? x?| ])]
2 2 2

Problem 990: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

eAr‘cTanh[a X] XM
— dx
(c-a?cx?) 2

Optimal (type 5, 80leaves, 4 steps):
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x1*" Hypergeometric2F1 | %, “T'“, 3;"‘, a?x?]  ax¥™Hypergeometric2Fil| %, 2m 4*7’", a? x|
+
c? (1+m) ¢ (2+m)

/

,2+m, —ax, ax| +ax

Result (type 6, 711 leaves):

1 3
[(2+m) x*™~/-1-ax AppellF1[l+m, - —, =, 2+m, -ax, ax|
2 2

(Zc2 (1+m) (-1+ax)?? [2 (2+m) AppellF1[1+m, —1,
2

N W

1 5
(3Appe11F1[2+m, -=, =, 3+m, —ax, ax| +AppellF1[2+m,
2 2

3
, =, 2+m,ax, ~ax| -ax

N =

3
, —»3+m, —ax, ax]
2

]+

. 13

((2+m) x¥™~/1-ax AppellF1[l+m, - —, =, 2+m, ax, -ax|
2 2

(4c2 (1+m) (1+ax)>? (2 (2+m) AppellF1[1+m, 1

2 2
1 5 1 3
(3AppellF1[2+m, - =, =, 3+m, ax, -ax| +AppellF1[2+m, =, =, 3+m, ax, -ax] ] -
2 2 2 2
1 5
((2+m) x'"+/-1-ax AppellF1[1+m, - =, =, 2+m, -aX, ax] /
2 2

1

(Zc2 (1+m) (-1+ax)>? |2 (2+m) AppellF1[1+m, - =,

,2+m, —ax, ax| +ax

N
N w

(5AppellF1[2+m, - ,3+m, —ax, ax| +AppellF1[2+m,

(3 (2+m) xM~/-1_-ax V1l-ax /1-a?x? Appe11F1[1+m, -
(Sc2 (1+m) (—1+ax)3/2\/1+ax

) )

NN

,3+m, —ax,ax])

/

] :

>
2

N |

1
2
2

1
, —, 2+m, —ax,ax]
2

1
2

1 1 1
[2 (2+m) AppellF1[1+m, P 2+m, -ax, ax| +ax |AppellF1[2+m, Dy
A 1 m m
3+m, ~ax, ax| +Hyper‘geometr‘1cPFQ[{f, 1+—}, {2+ ;}, a? x?| ]] +
2 2

1 1
(3 (2+m) x¥™~/1-ax AppellF1[1+m, - =, =, 2+m, ax, -ax|
2 2

/

[Sc2 (1+m) vI+ax |2 (2+m) AppellF1[1+m, 71, l, 2+m, ax, -ax| -ax
2 2

AppellF1[2 +m,

71, i, 3+m, ax, -ax| +Hyper‘geometr'icPFQ[{1, 1+ T}, {2+ T}, a? x?| ])
2 2 2

2 2

Problem 991: Unable to integrate problem.

<eAr*cTanh[a X] XM
J X ax
(c-a?cx?) 3

Optimal (type 5, 80leaves, 4 steps):
xL+m Hyper‘geometr‘icZFlH, 1*7’“, 3 a2 x2] g x2m Hyper‘geometr‘iczFl{g, Z*T’", ‘”T’", a? x|

2
¢ (1+m) ’ c (2+m)
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Result (type 8, 25leaves):

<eAr‘cTanh[a X] XM
—dx
(c-a?cx?) 3

Problem 1001: Unable to integrate problem.
eAr‘cTanh[a X] ym

Ji dx

c-a’cx?

Optimal (type 5, 51 leaves, 3 steps):
x1m /1 - a2 x? Hypergeometric2F1[1, 1+m, 2+m, aXx]

(1+m) Ve-a?cx?

Result (type 8, 27 leaves):

eAr‘cTanh[a X] XM
— dx

Ve-a%cx?

Problem 1002: Unable to integrate problem.

eAr‘cTanh[a X] ym
— dXx
(c-a?cx?)??

Optimal (type 5, 134 leaves, 7 steps):
x1M~/1 - a? x2 Hypergeometric2F1[2, 1T, M, a2 x2|
2 2
c(1+m) Vec-a2cx?
ax?™M/1 - a?x? Hypergeometric2F1l [2, Zim A 52 xz]

2 2
C (2+m) Ve -acx?

+

Result (type 8, 27 leaves):

eAr‘cTanh[a X] ym
— dx
(c-a?cx?)??

Problem 1003: Unable to integrate problem.

<eAr‘t:Tanh[a X] ym
J— ax
(c-a2cx?)®?

Optimal (type 5, 134 leaves, 7 steps):
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x1"+/1 - a% x2 Hypergeometric2Fi[3, 1;'" s 3;"‘ , a2 x?]
c? (1+m) Vec-a’cx?
ax2'™+/1 - a?x? Hypergeometric2F1[3, ™, #m a2x2]

2 2
c? <2+m) Ve -a?cx?

+

Result (type 8, 27 leaves):

eAr‘cTanh[a X] ym
— dx
2
(c-a?cx?) >/

Problem 1004: Unable to integrate problem.

JeAr'cTanh[a X] XM (C _ aZ C XZ) p dx

Optimal (type 5, 136 leaves, 5 steps):

1 1+m 1 3+m
x5 (1-a?x*) P (c-a® cx?)P Hypergeometric2F1| , = -p, ,al x|+
1+m 2 72 2
1 2+m 1 4+m
ax*™ (1-a?x?) P (c-a®cx®)P Hypergeometric2F1| , = -D, , a2 x?]
24m 2 2 2

Result (type 8, 25leaves):

JeAr'cTanh[a X] XM (C _ a2 C Xz) p dx

Problem 1005: Result more than twice size of optimal antiderivative.

JeAr‘cTanh[a X] X3 (1 _ a2 XZ) p dx

Optimal (type 5, 85leaves, 6 steps):

1 3
1-32x2)2°P 1-a32x2)2'P

- ( ax )2 N ( a”x )Z +1aX5 Hyper‘geome‘tr‘iCZFl[E, lfp, Z; a’ XZ]
a' (1+2p)  a*(3:2p) 5 202

Result (type 5, 183 leaves):

1 , 113, 1 2 21 Lep
—— | -3 axHypergeometric2F1[ =, - = -p, =, a?x?| + -3+3(1-a%x%) 7"
3a* 2 2 2 3+2p

1 3 1 5
3a?x? (1-a’x?):""-a® (3+2p) x> Hypergeometric2F1|[ =, -~ -p, —, a®x*| +
2 2 2

3 (1—ax>’i"'° (1+ax) (2-22? x2)§+p Hyper‘geometr‘icZFl[l—p, i+p, E+p,
2 2

5 (1+ax)]

N |
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Problem 1009: Result more than twice size of optimal antiderivative.

eAr‘cTanh[a X] (1 _ a2 XZ) p
—
Optimal (type 5, 72leaves, 5steps):

, 11 3
a x Hypergeometric2fF1[ =, =~ -p, =
2 2 2

dx

,at x| -

1
(1-a2x?):"" Hypergeometric2F1[1, i +p, % +p, 1-a2x?]

1+2p

Result (type 5, 147 leaves):

. | Hypergeometric2F1[- % -p, - % -p,

(1_a2X2)2_+p -
(1- 1 )?+p+2p(1- 1 )

a2 x? a?x?

=
[y
—

)

NP

+p 3+2p

1 i, . 1 3 5
22 (1—ax) 2 <1+ax) Hyper‘geometr1c2F1[——p, ;+p, ;+P:

N (1+ax)]

N R

Problem 1010: Result more than twice size of optimal antiderivative.

eAr‘cTanh[a x] (1 _ aZ XZ) p
J ax
X2

Optimal (type 5, 75leaves, 5 steps):

Hypergeometric2F1[- i, i -p, i, a? x?|

X

1
—+

a (1-a%x2):"" Hypergeometric2Fi|1, % +p, 3 +p, 1-a2x?]

1+2p

Result (type 5, 170leaves):

Hypergeometric2F1[- i, - % -p, i, a? x?| 1

- +

X 1+2p

1 \ P 2 2y tep . 1 1 1
a (1_ ) (1—a X )z Hypergeometr1c2F1[———p, -~ P 7P,
2 2 2

Problem 1011: Result more than twice size of optimal antiderivative.

ArcTanh[a x] (1 _ a2 Xz) p

J(E
X3

dx
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Optimal (type 5, 78leaves, 5steps):

a Hypergeometric2F1[- %, % -p, %, a? x?|

X

1
a? (1-a2x?):"" Hypergeometric2F1|2, % +p, % +p, 1-a2x?]

1+2p

Result (type 5, 262 leaves):

aHypergeometric2F1 |- %, - % -p, 5, @ x|
- +

X
1
32 (17a2 Xz);*" HypepgeometriCZFl[—i—p, ,i,p, i*P: azlxz} 1
1, L - 2
(1_321)(2)2p+2p(1_a21x2)2p ( 1+2p)x

1 7277p 2 2 1—+p s 1 1 3
1- (1-a”x?):"" Hypergeometric2F1[-~-p, —-p, —-p,
a2 x2 2 2 2

a2 (1—ax)’;"p (1+ax) (2-22a° x2)§+p Hyper‘geometr‘icZFl[l—p, i+p, E+p, 1 (1+ax)]
2 2 2 2

Problem 1012: Result more than twice size of optimal antiderivative.

JeAr‘cTanh[ax] X3 (C _ a2 C XZ) p dx

Optimal (type 5, 134 leaves, 7 steps):
V1-azx? (c—azcxz)ID (1—a2x2>3/2 (c—azcxz)p

- + +

a* (1+2p) a* (3+2p)

5 1 7
—ax® (1-a?x?) " (c-a?cx?)? Hypergeometric2F1[ =, ~ -p, —, a’x?|

5 2 2 2
Result (type 5, 295 leaves):

1
a* (3+2p) (5+2p) (7+2p) (9+2p)

@ArcTanh [a x] 2p
41+p e3 ArcTanh[a x]

(1+‘82Ar‘cTanh[ax])2P (1_a2 XZ)*D (C (1_a2 X2> )p

1+ eZArcTanh [ax]

3 5
[7 (315 + 286 p + 84 p + 8 p*) Hypergeometric2F1 [; +p, 5+2p, N +p, —e2ArcTanhlax)
eZAr‘cTanh[a x] (3 +2 p>

5 7
(3 (63 +32p+4p?) Hypergeometric2F1| = +p, 5+2p, —+p, —e2ArTanniaxi]
2 2
2 ArcTanh[a x] s 7 9 2 ArcTanh[a x]
e (5+2p) |-3 (9+2p) Hypergeometric2F1[ —+p, 5+2p, —+p, -e ]+
2 2

9 11
e2ArcTanhiax] (7. 2 p) Hypergeometric2F1 [=+p, 5+2p, — +p, -e?ArcTannlax] ] ] ) )
2 2
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Problem 1016: Unable to integrate problem.

eAr‘cTanh[a X] (C _ a2 C XZ) p
J ax
X

Optimal (type 5, 110leaves, 6 steps):

ax (1-a2x?) " (c—azcx2>pHyper‘geometric2F1[E, l—p, E, a?x?] -
2 2 2

1 1 3
\J1-a?x* (c-a”cx?)PHypergeometric2F1[1, ~+p, —+p, 1-a’x*]
1+2p 2 2

Result (type 8, 25leaves):

<eAr‘cTanh[a x] (C _alc XZ) P
J dx
X

Problem 1017: Unable to integrate problem.

<eAr*::Tanh[a X] (C _ a2 C XZ) p
J dx
X2

Optimal (type 5, 113 leaves, 6 steps):

(1-a%2x%)7P (c —azcxz)pHyper‘geometr‘iczFl[fi, ifp, i, a? x|

X

1 1 3
a\/1-a’x* (c-a?cx?)?Hypergeometric2F1[1, —+p, ~+p, 1-a?x?]
1+2p 2 2

Result (type 8, 25leaves):

ArcTanh[a x] (C _ a2 C XZ) p

e
J dx
X2

Problem 1018: Unable to integrate problem.

<eAr*cTanh[a X] (C _alc XZ) P
J dx
X3

Optimal (type 5, 116 leaves, 6 steps):

—la (1-a2x?)° (c—azcx2>pHyper‘geometr'ic2F1[—1, -p, 1, a’x?| -
2 2

X

N |

1 1 3
a’+/1-a’x? (c-a®cx?)P Hypergeometric2F1[2, ~+p, ~+p, 1-a’x?|
1+2p 2 2

Result (type 8, 25leaves):

ArcTanh[a x] (C _ a2 C XZ) p

e
J ax
X3
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Problem 1035: Result more than twice size of optimal antiderivative.

JeZAr‘cTanh[ax] (C _alc X2> 2
X3

Optimal (type 1, 17 leaves, 2 steps):

dx

c2 (1+ax)4

2 x2
Result (type 1, 42 leaves):
¢ 2ac? 1
—_ ~2adc?x-—a*c?x?
2 x? X 2

Problem 1053: Result unnecessarily involves higher level functions.

e2Ar‘cTanh[.‘=1 X]
J  ax
c-a%*cx?

Optimal (type 1, 15leaves, 2 steps):
1

ac(l-ax|

Result (type 3, 18leaves):
ez ArcTanh[a x]

2ac

Problem 1130: Result unnecessarily involves higher level functions.

ez ArcTanh[a x] XM
J X ax

c—azcxz)3

Optimal (type 5, 203 leaves, 8 steps):

(2-m) (4-m) xtm x1+m (4 —m) xtm
+

+ +
24¢® (1+ax) 6c (1-ax)’ (1+ax) 12¢%(1-ax)?(1+ax)

(7-2m) (2-m) xtm (2 -m) x**™Hypergeometric2F1[1, 1+m, 2+m, -ax]
+
24c® (1-ax) (1+ax) 16 c® (1+m)

(2-m) (3-8m+2m?) x**"Hypergeometric2F1[1, 1+m, 2+m, ax]

+

48 3 (1+m)

Result (type 6, 109 leaves):
((2+m) x*™AppellF1[1+m, 4, 2, 2+m, ax, -a x])/
(c3 (1+m) (—1+ax)4 (1+ax>2 ((2+m) AppellF1[1+m, 4,2, 2+m, ax, -ax] -
2ax (AppellF1[2+m, 4, 3, 3+m, ax, -ax] - 2AppellF1[2+m, 5, 2, 3+m, ax, —ax])))
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Problem 1133: Result unnecessarily involves higher level functions.
JQZAr‘cTanh[a x] XM /C _ a2 C X2 dx

Optimal (type 5, 172 leaves, 7 steps):
xImc_alcxz € (3+2m) x1"~/1-a2x? Hypergeometric2Fi| i, Lem - 3.

,azxz]
2 2

+ +
2+m

(1+m) (2+m) Vc-a?cx?

2acx?™~/1-a2x2 Hypergeometric2F1| %, 27, ‘“T"‘, a? x?]

(2+m) Vc-a?cx?
Result (type 6, 193 leaves):

1

Vc-a?cx? Hypergeometric2F1[- 2, 3, 3 32 x2]
1+m 2 2 2
X — —
1+m 1 - a2 x2

1
4 (2+m)/-c(1+ax) AppellF1[1+m, A 2+m, ax, -ax|

/

1 1
2 (2+m) AppellF1[1+m, A 2+m, ax, -ax| +ax

[m

3
AppellF1[2+m, —
2

3

-=,3+m,ax, -ax| +Hyper~geometr‘icPFQH1, 1+ m}, {2+ T}) a2 xz}))]]
2 2 2
Problem 1134: Result unnecessarily involves higher level functions.
eZAr‘cTanh[a X] XM

dx

Optimal (type 5, 169 leaves, 7 steps):

24 (14 ax) (1+2m) x¥*"+/1 - a2 x2 Hypergeometric2Fi| %, L 3,

Ve-a%cx?

(1+m) Vc-a2cx?
2a (1+m) x>"/1-a2x? Hyper‘geometr‘icZFl[i, 2?'", 4*7'“, a? x|

(2+m) Vc-a?cx?
Result (type 6, 133 leaves):

[2 (2+m) x**" [-c (1+ax) AppellF1[1+m, i,—1,2+m,ax,—ax] /
2 2
(c (1+m) (-1+ax)>? |2 (2+m) AppellF1[1+m, z, -=,2+m,ax, —ax] +
2 2
3 1 5
ax |AppellF1[2+m, =, =, 3+m, ax, -ax| +3AppellF1[2+m, =, - =, 3+m, ax, -ax| ))
2 2 2 2
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Problem 1135: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

ez ArcTanh[ax] XM
— dx
J(c—azcxz)z’/2
Optimal (type 5, 183 leaves, 7 steps):
1-2m) x¥™+/1-a2x? Hypergeometric2F1[2, 2o 3 53242
2 2 2 .

3(c7a2cx2) 3c(1+m)\/c—azcx2

2a (1-m) x*"1-a2x? Hyper‘geometr‘icZFlE, Z*T'", A*T'", a? x|

3¢ (2+m) Vec-a?cx?

Result (type 6, 582 leaves):
[(2+m) Xt f-c (1+ax) AppellF1[1+m, 3, —1, 2+m, ax, -ax|
2

2 x1m (1 +a x)
3/2

[Zc2 (1+m) (—1+ax)3/2 (2 (2+m) AppellF1[1+m, i, —1, 2+m, ax, -ax| +ax
2 2

] .

1
, - =, 3+m, ax, -ax|
2
(cz (1+m) (-1+ax)>? |2 (2+m) AppellF1[1+m, 5, 71, 2+m, ax, —ax| +ax
2 2

N

,3+m, ax, —ax| +3AppellF1[2+m,

N | R

3
(AppellFl [(2+m, =,
2

((2+m) xM . [-c (1+ax) AppellF1[1+m, E, 71, 2+m, ax, -ax|
2

] ;

7 1
,3+m, ax, —ax| +5AppellF1[2+m, —, - =, 3+m, ax, -ax|
2 2

N | R

5
(Appe11F1[2+m, >’
2+m) x¥*"+/c-acx AppellF1[1+m, 1,—1,2+m,—ax,ax
(2+m) >,
(4c2 (1+m) V1+ax 1,—£,2+m,—ax,ax}—ax

2 (2+m) AppellF1[1+m,
2 2
s —l, 3+m, ~ax, ax| +Hyper‘geometr‘icPFQ[{1, 1+—}, {2+ =}, a® x|
2 2 2

AppellF1[2 +m,

IX
/

N W

2

((2+m) x¥"/1-ax /-c(1+ax) \/1-a®x> AppellF1[1+m, 1, —l, 2+m, ax, -ax|
2 2

[4c2 (1+m) (-1+ax)>?V/1+ax
1 1 3
(2 (2+m) AppellF1[1+m, R 2+m, ax, -ax| +ax (Appe11F1[2+m, S’
—l, 3+m, ax, -a x} +Hyper‘geometr‘icPFQH1, 1+ T}, {2+ m}, a? xz} )]
2 2 2

2

Problem 1136: Result more than twice size of optimal antiderivative.

JEZAr‘cTanh[a X] (C _ a2 C X2> p dx
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Optimal (type 5, 55leaves, 3 steps):

-izhp (1+ax)™P (c-a’cx?)”Hypergeometric2F1|[-1-p, p, 1+p, 1 (1-ax) |
ap 2

Result (type 5, 133 leaves):

#(7 (71+ax)2)7p (-2+2ax)P (1-a2x?) P (c-a?cx?)P
a (1+p)
(—a (1+p) x %— ?]pHyper‘geometr‘iCZFl[%, -p, 3, a?x?] +

(1+ax) (1-a”x?)"Hypergeometric2F1[1-p, 1+p, 2+p, 1 (1+ax)]
2

Problem 1171: Result unnecessarily involves higher level functions.

<83 ArcTanh[a x]
—dx
(c-a?cx?)®?

Optimal (type 3, 185leaves, 5steps):
Vi-aZx? . Vi-aZx? .
6ac? (1-ax)’Vc-a?cx? 8ac?(1-ax)*vc-acx?
Vi-atx? . mAr‘cTanh[a X]
8ac2(1—ax)m 8actVc-acx?

Result (type 4, 108 leaves):
([ofime

( ~a? (-10+9ax-3a?x?) -3ia (-1+ax)®EllipticF[iArcSinh[+/-a? x], 1]])/

(24 (-a2)%2 (—1+ax>3m)

Problem 1172: Result unnecessarily involves higher level functions.
es ArcTanh[a x]
J— dx
(c-a2cx?)’?

Optimal (type 3, 278 leaves, 5steps):

V1-a?x? V1-a?x? 3vV1-a%x?
+ + +
16ac® (1-ax)*Vec-a?cx? 12ac® (1-ax)’Vc-a2cx®? 32ac®(1-ax)?+/c-a2cx?
1-a%x? 1-a%x? 5+1-a%x? ArcTanh[a x]
- +

8ac? (17ax)\/cfa2cx2 32ac (1+ax)\/cfa2cx2 32ac3V/c-a%cx?

Result (type 4, 136 leaves):
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—([a\/l—azxz
15ia(-1+ax)* (1+ax) E1lipticF[i Arcsinh[/-a? x], 1]))/
(96 (-a%)*?c (-1+ax)* (1+ax) x/cfazcxz)

\/—a2 (32-15ax-35a’x*+45a° x> -15a* x*) -

Problem 1173: Unable to integrate problem.
Je3Ar‘cTanh[a x] XM ,C _ a2 C X2 dx

Optimal (type 5, 136 leaves, 5steps):

3xtm/c-aZex?  ax*Myc-atcx?  4x¥M+/c-a%cx? Hypergeometric2F1[1, 1+m, 2+m, aXx]
- - +

(1+m) Vi-a2x* (2+m)V1-a2x? (1+m) V1i-a2x?

Result (type 8, 29leaves):

Je3Ar‘cTanh[a x] XM /C _ a2 C X2 dx

Problem 1174: Unable to integrate problem.

J(EBAr‘cTanh[a X] XM (C _ a2 c XZ) p dx

Optimal (type 5, 251 leaves, 7 steps):

3X1+m (C—aZCXZ)p aX2+m (C_aZCXZ)P 1
- - +

(m+2p) Vi-ax? (1+m+2p)V1-a2x? (T+m) (m+2p)

1+m
Bl

2
2+m 3 4 +m
(a (5+4m+6p) x> (1-a%>x*) P (c-a”cx?)?Hypergeometric2Fl| p 2

((2+m) <1+m+2p))

(3+4m+2p) x¥™ (1-a>x?) P (c-a?cx?)? Hypergeometric2F1|

N W
[
o
“

Result (type 8, 27 leaves):

Je3Ar‘cTanh[ax] XM (C _ a2 c XZ) p dx

Problem 1179: Unable to integrate problem.

Je.’»Ar‘cTanh[ax] (C _ aZ C X2> p

dx
X

Optimal (type 5, 193 leaves, 8 steps):
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4(c—a2cx2)p ax(c—azcxz)ID 1

L
(1-2p) V1-a2x? 2pV/1-a?x? 2p

a(1+6p)x(1-a>x?) " (c-a?cx?)?Hypergeometric2F1|

! \J1-a?x? (c-a®cx?)?Hypergeometric2Fl|[1,

)

N |

3 3
- =P, = aZXZ] -
2 2
1 3
~+p, —+p, 1-a2x?]
1+2p 2 2
Result (type 8, 27 leaves):

J(E3Ar'cTanh[ax] (C _ a2 C XZ) p

X

dx

Problem 1180: Unable to integrate problem

J‘133Ar'cTanh[ax] (C _ a2 C XZ) p

x2

dx

Optimal (type 5, 187 leaves, 9 steps):
4a(c-a?cx?)? (c-a?cx?)?

- +
(l—Zp)\/l—azx2 xV1-a2x?

a’ (5-2p) x (1-a*x*) " (c-a*cx?)?Hypergeometric2F1 &

) -Ps 7> aZXZ}_
2

N\I—‘
N W

1 3
3a4/1-2a*x* (c-a’cx?)’Hypergeometric2F1[1, —+p, ~+p, 1-a’>x’|
1+2p 2 2
Result (type 8, 27 leaves):

J&(e3Ar‘cTanh[ax] (C _ a2 Is X2> P

x2

dx

Problem 1181: Unable to integrate problem

jGBAr‘cTanh[ax] (C _alc X2> p

x3

dx

Optimal (type 5, 194 leaves, 8 steps):
(c-a?cx?)?  3a(c-a?cx?)f

- +
2x2+/1-a2x? x V1 -a?x?

3 3
— =P, —» aZXZ}_'_
2 2

/

a3 (7-6p) X (1—32 Xz),p (C —a2cxz)pHyper‘geometr‘iCZFl[l,
2
(aZ (9*2[3) (C7azCX2>pHyper\geometr‘ic2F1[1, 7l+p, 1

—+p, 1—a2x2]
(2 (1-2p)/1-a2%?

Result (type 8, 27 leaves):
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e3Ar‘cTanh[a X] (C _ aZ I XZ) p
J dx

x3

Problem 1185: Result more than twice size of optimal antiderivative.

je4Ar‘cTanh[a x] (C _alc X2> 2 dx

Optimal (type 1, 17 leaves, 2 steps):
2 (1+ax)’
5a

Result (type 1, 49leaves):

1
c?x+2ac?x?+2atc?x3d+ad?ixty —atce?x

Problem 1187: Result unnecessarily involves higher level functions.

<e4Ar‘cTanh[.‘=1 X]
J & ax
c-a%*cx?

Optimal (type 1, 13 leaves, 2steps):

X

c(1-ax)?

Result (type 3, 18leaves):

(94 ArcTanh[a x]

4ac

Problem 1191: Result more than twice size of optimal antiderivative.

JQAArcTanh[a X] (C _ az C X2> p dx

Optimal (type 5, 63 leaves, 3 steps):
1

————2%Pc (1+ax)"P (c-a?cx?) "'PHypergeometric2F1[-2-p, -1+p, p, 1 (1-ax)]
a(1-p) 2

Result (type 5, 159 leaves):

ﬁ(—(—l+ax)2>'9(—2+2ax)'°(1—a2x2)"9
(c-a%cx?)P (a (1+p) x| =-— pHyper‘geometr‘icZFl[l, -p, z, a?x?] -
2 2
(1+ax) (1-a>x?)" |2Hypergeometric2F1[1-p, 1+p, 2+p, 1 (1+ax)] -
2

Hypergeometric2F1[2-p, 1+p, 2+p, 1 (1+ax)]
2

|
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Problem 1211: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

e—Ar‘cTanh[a X]
J s ax

Ve -a?cx?
Optimal (type 3, 39leaves, 3 steps):
V1-a%x? Log[l+ax]
avc-a’cx?

Result (type 4, 87 leaves):

—((aﬁl—azxz -21aEllipticF[iArcSinh[+/-a? x|, 1] +1/-a% Log[-1+a?x?]
(2(—a2)3/2x/c—a2cx2 )

Problem 1212: Result unnecessarily involves higher level functions.
e—Ar‘cTanh[a X]
J e ax
(c-a?cx?)??
Optimal (type 3, 90 leaves, 5 steps):

V1-a2x? V1-a?x? ArcTanh[ax]
- +
2ac(l1+ax)Vc-atcx? 2acyvc-atcx?

|/

Result (type 4, 89leaves):

[a\/l—azx2 \/—a2 +ia (1+ax) EllipticF[iArcSinh[+/-a® x], 1]])/
(2<—a2>3/2 (c+acx)Jc-a’cx?

Problem 1213: Result unnecessarily involves higher level functions.
e—Ar‘cTanh [ax]
J— dx
(c-a?cx?)®?

Optimal (type 3, 183 leaves, 5steps):

V1-a%x? V1-a%x?
8ac? (1-ax)Vc-a’cx? 8ac2(1+ax)2 c-a’cx?
1-a%x? 3+/1-2a%x? ArcTanh[a x]
+

4ac2(1+ax)\/c—a2cx2 8ac2+yc-a%2cx?
Result (type 4, 118leaves):



Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb | 101

—([a 1-a2%x?
(\/—az (2-3ax-3a’x?) -3ia(-1+ax) (1+ax)’EllipticF[iArcSinh[+/-a® x], 1]])/
(8(—a2)3/2 (-1+ax) (c+acx)®+/c-a’cx?

Problem 1214: Result unnecessarily involves higher level functions.
e—Ar‘cTanh[a X]
j— dx
(c-a?cx?)’?

Optimal (type 3, 276 leaves, 5 steps):

V1-a?x? V1 -a?x? V1-a?x?
+ _ _
32ac3 (1—ax)2\/c—a2cx2 8ac3(1—ax)\/c—a2cx2 24ac3(1+ax)3\/c—a2cx2
34/1-a%2x? 3v1-a2x? 54/1-a%2x? ArcTanh[a x]
- +

32ac® (1+ax)’Vc-a?cx’  16ac® (1+ax)Vc-aZcx? 16acdVc-acx?
Result (type 4, 136 leaves):

7([a\/17a2x2

15ia(-1+ax)? (1+ax>3EllipticF[iAr‘cSinh[\/?x], 1}))/

(48 (-a%)*% (-1+ax)? (c+acx)3m

\/ﬂa2 (-8+25ax+25a°x*-152a%*x> - 15a* x*) -

Problem 1215: Unable to integrate problem.

Je—Ar‘cTanh[a x] XM (C _ a2 C XZ) p dx

Optimal (type 5, 137 leaves, 5 steps):

—1 1+m 1 3+m
x1+m (1—32 x2>—P (c —a2cx2)pHyper~geometr‘iC2F1[ ,—-p, —, a2 Xz] B
1+m ) ) 5
1 2+m 1 4+m
a x2m (1—a2 X2>—p (c—aZ cXZ)F’Hyper‘geometriczFl[ , = -p, —, a2 Xz]
2+m ) 2 5

Result (type 8, 27 leaves):

Je—Ar‘cTanh[a X] XM <C _ a2 C X2> p dx

Problem 1216: Result more than twice size of optimal antiderivative.

Je—Ar‘cTanh[a X] X3 (1 _ a2 X2> p dx

Optimal (type 5, 85leaves, 6 steps):
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(1-a? Xz)§+P (1-a2 xz);p
- + - —ax’ Hyper‘geometr‘icZFl[
a* (1+2p) a* (3+2p) 5

1 7
sy TP, 7, a X
2 2

N |

Result (type 5, 183 leaves):

1
3at
1 1 3 1 1, 1,
3 ax Hypergeometric2fF1[ =, - = -p, =, a’x?] + -3+3 (1-a’x%)2P-3a%x? (1-a*x?)2"P+
2’ 2 2 3.2p
3 3 s 3 1 > 2,2
a’ (3+2p) x Hyper‘geometr‘1c2F1[;, 7;7p, =, a?x?| +
3(1-ax) (1+ax>’i"'° (2—2a2x2)§+pHyper‘geometr‘ic2F1[£—p, i+p, E+p, l_a_x] )
2 2 2 2

Problem 1220: Result more than twice size of optimal antiderivative.
e—Ar‘cTanh[a x] <1 _ a2 X2> p
J dx
X
Optimal (type 5, 73 leaves, 5steps):
1 3

: 1 2.2
-axHypergeometric2fFl[ =, = -p, —, a®x?] -
2 2 2

1
(1-a2x?):"" Hypergeometric2F1[1, i +p, i +p, 1-a%x?]

1+2p

Result (type 5, 148 leaves):

1\ 5P 1\ 2ep 3+2p
(1732)(2)2 *2p (1732)(2)2
2:°P (1-ax) <1+ax)’§’IO Hyper‘geometr‘icZFl[E—p, i+p, E+p, 1 ﬂ]
2 2 2 2 2

Problem 1221: Result more than twice size of optimal antiderivative.

e—ArcTanh[a x] <1 _ a2 X2> p
J dx

x2

Optimal (type 5, 74 leaves, 5 steps):

Hypergeometric2F1 |- i, i -p, i, a? x|

X

1
—+

a (1-a%x2):"" Hypergeometric2Fi[1, % +p, % +p, 1-a2x?]

1+2p
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Result (type 5, 171 leaves):

i i1 1 242
_Hyper‘geometr‘1c2F1{ s 5 Py 3, %X ] 1
X 1+2p
1 )\ 5P 2 2 Lep , 1 11 1 1
a (1— ) (1-a®x?):"" Hypergeometric2F1[- = -p, - = -p, = -p, +
a% x? 2 2 2 a% x? 3+2p
Y 1 ) 1 3 5 1 ax
a(-1+ax) (1+ax) 2®(2-2a%x?):""Hypergeometric2F1[ = -p, ~+p, ~—+p, — - —|
2 2 2 2

Problem 1222: Result more than twice size of optimal antiderivative.

Je—ArcTanh[a X] X3 (C _ aZ C X2> p dx

Optimal (type 5, 134 leaves, 7 steps):

Vi-a?x? (c-a?cx?)?  (1-a?x?)*? (c-a’cx?)P
. a* (1+2p) : a* (3+2p)

1 5 1 7, 2]

—ax® (1-a’x?) " (c-a”cx?)?Hypergeometric2F1[ =, ~-p, —, a’x
5 2 2 2

Result (type 5, 290 leaves):
1

a* (1+2p) (3+2p) (5+2p) (7+2p)

ArcTanh[a x]

(S

1+2p
41+p ]] <1+e2ArcTanh[ax]>1+2p <17a2X2>*P (CfaZCX2>p

1+ ez ArcTanh[a x

2 ArcTanh[a x] ] N

1 3
[— (105 + 142 p + 60 p* + 8 p*) Hypergeometric2Fl [; +p, 5+2p, N +p, -e
eZAr‘cTanh[a x] (1 +2 p>
_ 2Ar‘cTanh[ax]] 4

3 5
(3 (35 + 24 p + 4 p*) Hypergeometric2F1 [=+p,5+2p, —+p, -€
2 2

5 7
e2ArcTanhlax] (3.2 p) |-3 (7 +2p) Hypergeometric2F1[ = +p, 5+2p, —+p, —e?ArcTamhiaxi]
2 2

7 9
@2 ArcTanh[ax] (5+2p) Hypergeometric2Fl [~ +p, 5+2p, —+p, —e2hrcTanniax]] ) ] )
2 2

Problem 1226: Unable to integrate problem.

e—ArcTanh[a x] <C _ a2 C X2> p
J dx
X

Optimal (type 5, 111 leaves, 6 steps):

3
> _p)fnaxz]_
2

1
2

N |

—ax (1-a*x%) " (c-a”cx?)?Hypergeometric2F1|

1 1 3
\J1-a?x* (c-a”cx?)PHypergeometric2F1[1, ~—+p, = +p, 1-a’x?]
1+2p 2 2
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Result (type 8, 27 leaves):

e—Ar‘cTanh[a x] <C —alc X2> p
J dx

X

Problem 1227: Unable to integrate problem.

e—Ar‘cTanh[a X] <C _ a2 C X2> P
J dx

x2

Optimal (type 5, 112leaves, 6 steps):

(1-a%2x%)7" (c —azcxz)pHyper‘geometr‘iczFl[fi, ifp, i, a? x|
- +
X

1 1 3
a~/1-a2x? (c-a?cx?)PHypergeometric2F1(1, —+p, —+p, 1-a?x?
yperg > p, p,
1+2p 2 2

Result (type 8, 27 leaves):

-ArcTanh[a x] <C _ a2 C X2> p

Je dx
X2
Problem 1232: Result unnecessarily involves higher level functions.

e—ZAr‘cTanh[a X]
ji dx
c-a’cx?

Optimal (type 1, 15leaves, 2 steps):
1

ac<1+ax)

Result (type 3, 18leaves):

e—ZAr‘cTanh[a X]

2ac

Problem 1252: Result unnecessarily involves higher level functions.
JQ—ZArcTanh[a x] XM 'C _ a2 C X2 dx

Optimal (type 5, 172 leaves, 7 steps):

1+ 2 2 : 1 1+m  3+m 2 U2
1M A/~ a2 ¢ x2 +c(3+2m)x m+/1-a%x Hyper‘geometr‘1c2F1[2, st a x| .

2+m (1+m) (2+m)\/c—a2cx2
2+

m o 4+m 2 42
, B, at k]

2acx?m+/1-a?x? Hypergeometric2Fl [ %,
(2+m) Vc-a?cx?

2

Result (type 6, 192 leaves):
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V¢ -a?cx? Hypergeometric2Fi|- %, L3 g2 42 ]

2’ 2
V1-a?x?

1 1
(4 (2+m) Vc-acx AppellFl[1+m, =, - =, 2+m, -aX, ax|
2 2

/

1 1
-2 (2+m) AppellF1[1+m, Sy 2+m, ~ax, ax| +ax

[m

3
AppellF1 [2 +m, —,
2

—l, 3+m, ~ax, ax| +Hyper‘geometr‘icPFQHl, 1+ T}, {2+ T}, azxz}))]J
2 2 2 2

Problem 1253: Result more than twice size of optimal antiderivative.

J\G—ZArcTanh[a x] (C _ a2 c XZ) P dx

Optimal (type 5, 54 leaves, 3 steps):

izlw (1-ax)™® (c-a’cx?)”Hypergeometric2F1|[-1-p, p, 1+p, : (1+ax)]
ap 2

Result (type 5, 125leaves):

_ 2P (1+ax) P (1-a®x*) " (c-a*cx?)P
a (1+p)
1 ax\)P . 1 3
(—a (1+p) x| =+ —J Hypergeometric2F1| =, -p, =, a?x?] +
2 2 2 2
1 ax
(-1+ax) (1-a®x*)?Hypergeometric2F1[1-p, 1+p, 2+p, — - —|
2 2

Problem 1277: Result unnecessarily involves higher level functions.

e—BAr‘cTanh[a X]
J & ax
(c-a?cx?)®?

Optimal (type 3, 182leaves, 5steps):

V1-aZx? V1-a?x?
6ac2(1+ax)3\/c—a2cx2 8ac2(1+ax)2\/c7a2cx2
V1 -a?x? V1-a?x? ArcTanh[ax]
+

g8ac? (1+ax)Vc-aZcx? g8ac?\c-atcx?

Result (type 4, 108 leaves):

[a\/l—azxz \J-a? (16+9ax+3a’x?) +31ia (1+ax)3EllipticF[iAr‘cSinh[\/jx], 1})]/
(24 (-a2)*2c? (1+ax)?[c-atcx®
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Problem 1278: Result unnecessarily involves higher level functions.

e—3Ar‘cTanh[a X]
—dx
( 7/2

c—azcxz)

Optimal (type 3, 275leaves, 5steps):

V1 -a?x? V1-a?x? 1-a2x?
32ac® (1-ax)Vc-a*cx? 16ac? (1+ax)4\/c—a2cx2 12ac3 (1+ax>3’\/c:—a2cx2
34/1-a%2x? V1-a?x? 5+ 1-a2x? ArcTanh[ax]
- +

32ac® (1+ax)®Vc-a2cx?  8ac? (1+ax)Ve-aZcx® 32ac®Vc-atcx?
Result (type 4, 136 leaves):

—([a\/l—azx2

15ia (-1+ax) (1+ax)4EllipticF[iAr‘cSinh[\/?x], 1]])/

(96 (-a%)*%c® (-1+ax) (1+ax>4m

J-az (32+15ax-35a*x*-45a° x* -15a* x*) -

Problem 1279: Unable to integrate problem.
Je—BArcTanh[a X] XM 'C _ a2 C XZ dx

Optimal (type 5, 136 leaves, 5steps):
3xtm/c-aZcx? X ax¥m+/c-aZcx? X
(1 + m) m (2 + m) m
4x1m~[c —a%cx? Hypergeometric2F1[1, 1+m, 2+m, —aX]

(1+m) V1-a2x?

Result (type 8, 29 leaves):

Je—BArcTanh[a X] XM ,C _ az c XZ dx

Problem 1281: Result is not expressed in closed-form.

1
Je;ArcTanh[ax] (1 _ az Xz) 5/2 dx

Optimal (type 3, 359 leaves, 18 steps):
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231 (1—ax)1/4 (1+ax)3/4 231 (1—ax)5/4 (1+ax)3/4
+

+

512 a 1280 a
77 (1-ax)9/4 (1+ax)3/4 77 (1-ax)13/4 (1+ax)3/4 11 (1-ax)13/4 (1+ax)7/4

960 a 480 a 60 a
A2 (1-ax)V* V2 (1-ax)Y4
(1-ax) 13/4 (1+ax) 11/4  231ArcTan[1- P | 231ArcTan[1+ —— ]
+ - +

6a 512+/2 a 512+/2 a

1/4 _ _ 1/4
231 Log |1+ VA2X w2 aXim ] 937 | gg] 4 VI2X M2 Laxi ]
+/1+ax (1+ax)¥/* V1+ax (1+ax)Y/*

1024+/2 a 1024+/2 a
Result (type 7, 422 leaves):




108 | Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb

1

960 e%Ar‘cTanh[a x] (1 4 @2ArcTanh[ax] )4 (_1 + 3 @2ArcTanh[ax] ) B
1920 a (1 + @2ArcTanh[ax] )6

L ArcTanh [ax

ArcTanh[a x] —2Log[ez : —Hl}

360 (1 + e2Ar<Tanh(ax]) ® RootSum|1 + 11 &, &| +

pay |

1Ar‘cTanh [ax]
2 -

ArcTanh[ax]-2 Log[e le

39 RootSum |1 + 111* &, &]
80 (1 + @2ArcTanh[ax] ) 2 ( )2 jaz _
-1+a?x?

1 o1
Cosh[ = ArcTanh[ax] | +Sinh| 5 ArcTanh[ax] |
2

7-166ax+26V1-a%2x? Sinh[3 ArcTanh[ax]]
+

(13 Cosh[3 ArcTanh[a x] ]

V1 -a?x?
(Cosh[4 ArcTanh[ax]] +Sinh[4 ArcTanh[ax]]) -
L ArcTanh[ax]
3306 Rootsum|1 + 114 g, A<Terniex] 2Loee 1] g

1l

(—1+a2 X2>3

1 1
Cosh|[ = ArcTanh[ax] | + Sinh|[ = ArcTanh[ax] |
2 2

286 12556 a x

.
Vvi1-a2x?  v1-a?x?

- 129 Cosh[3 ArcTanh[ax]] + 275 Cosh[5ArcTanh[ax]] -

7374 Sinh[3 ArcTanh[a x] ] + 550 Sinh[5 ArcTanh[a x] ]

(Cosh[6ArcTanh[ax]] +Sinh[6ArcTanh[ax]])

Problem 1282: Result is not expressed in closed-form.

1
~ArcTanh
Jez rcTanh[a x] (1732 X2>3/2 dx

Optimal (type 3, 307 leaves, 16 steps):
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35 (1—ax)1/4 (1+ax)3/4 7 (1—ax)5/4 (1+ax)3/4 7 (1—ax)9/4 (1+ax)3/4

N
64 a 32a 24 a
V2 (1-ax) ¥4 V2 (1ax)V4
(1-ax)* (1+ax)"/? 35ArcTan|1 - e | 35ArcTan|1+ oy ]
+ - +
4a 642 a 64+/2 a

35 Log[1+ Ylax W2 -ani) 35 4g0g, Yiax 2(1—3)()1,/4]
1+ax (1+ax) /4 +1+ax (1rax)Y/4

128+/2 a 128+/2 a
Result (type 7, 249 leaves):

1

24 ei—Ar‘cTanh[ax] (1 + @2ArcTanh[ax] ) 2 (71 +3 eZAr‘cTanh[ax]> _
2ArcTanh[ax] |4
48a (1+e )

%ArcTanh[a x]

ArcTanh[ax] - 2 Log[e -]

9 (1 + e2ArecTanh[2x1) % pootsum|1 + #1* &, &| +

fas

1
* h
ArcTanh[ax]-2 Log [ez Arctanh (2 x] —ulw

39 RootSum|[1 + #1* &,

J

jax i

<—1+a2 x2>2

1 . 1
Cosh [ g ArcTanh[a x] ] +Sinh [ ; ArcTanh[a x] ]

7-166ax+26V1-a%2x? Sinh[3 ArcTanh[ax]]
+
V1 -a?x?

(13 Cosh[3 ArcTanh[a x]]

(Cosh[4 ArcTanh[ax]] +Sinh[4 ArcTanh[ax]])

Problem 1283: Result is not expressed in closed-form.
J@;ArcTanh[a x] \/1—372)(2le

Optimal (type 3, 255leaves, 14 steps):

3 (1—ax)1/4 (1+ax>3/4 (1—ax>5/4 <1+ax)3/4 3APCTan[1712(1::)1(/)4“]
_ + _
4 a 2a 4\/7a

3ArcTan |1+ Y232 3 gfy , Vlax W2 (GaxiVt) 3y gg(g , Ylax | 32 eax

T
(1+ax) /4 +/1+ax (1+ax) /4 V1+ax (1+ax) /4
+

47 a 827 a _ 82 a
Result (type 7, 83 leaves):
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1 8 e;ArcTanh[a X] (71 + 3 @2ArcTanh[a x])

16 a <1 + @2ArcTanh[ax] ) 2

1
ArcTanh[a x] - 2 Log [e?ANTa"h[aX] -]

3 RootSum|1 + #1* &, &]

#71

Problem 1284: Result is not expressed in closed-form.

1—Ar‘cTanh[a X]
ez

V1 -a?x?

dx

Optimal (type 3, 193 leaves, 12steps):
V2 ArcTan([1- Y2321 /57 arcTan 14 Y2 eax¥t

(1+rax) /4 (1+ax) /4
4
a a
Log[1+ lax /2 (1—ax)1//4} Log[1+ lax o2 (1-ax)1/“}
W 1+ax (1+ax) /4 1+ax (1+ax) V4

V2 a V2 a
Result (type 7, 46 leaves):

lAr*x:'ranh [ax]
2 —

—-ArcTanh[a x]+2 Log[e le

RootSum|1 +n1* &, &

71

2a

Problem 1289: Result is not expressed in closed-form.

1
Je;ArcTanh[ax] (C_az CXZ)S/Z dx

Optimal (type 3, 679 leaves, 19 steps):
231¢2 (1-ax)** (1+ax)3/4\/c—a2cx2 231c2 (1-ax)”* (1+ax)3/4\/c—a2cx2

S12a+/1- 27X ) 1280a1- a7 X7 )
77 c? (1—ax>9/4 (1+ax)3/4m 77 c? (1—ax)13/4 (1+ax)3/4m
960a+/1-a2x? 480a+/1-a2x?
112 (1-ax)?* (1+ax)”*Vc-a2cx® 2 (1-ax)?* (1+ax)?*c-aZcx®
60a+/1-a’x? 6av1-aZx? )
231c2mArcTan[1—@(hz;—a):):i} 231c2mAr‘cTan[1+@(1;’x—a§}:/—m}
51242 av1-aix? 51242 av1-aixd )

1/4 1/4
231c2/c-a2cx? Log[l+ ¥i2x N2 LaXiml 937 c24/c-a?cx? Log[l+ A2X M2 llaxi ]
1+ax (1+ax)¥/* 1+ax (1+ax)¥/*

10242 a+/1-a2x? 1024+/2 a+/1-a2x?

Result (type 7, 167 leaves):



Mathematica 11.3 Integration Test Results for 7.3.6 Exponentials of inverse hyperbolic tangent functions.nb | 111

_ C3 /1 -~ aZ X2 _8 e%Ar‘cTanh[a x] (71155 _ 6435 eZAr'cTanh[a x]

14670 eAAr‘cTanh[a x] + 48202 tEG ArcTanh[a x] + 20097 eSAr‘cTanh[a X] + 3465 elOAr‘cTanh[a x]) +

1
ArcTanh[a x] -2 Log [e5APCTanh[ax

|

3465 (1 + e2ArcTanh(2x)) 8 Rootsum|[1 + 114 &,

(30720 a(1+ @2 ArcTanh[ax] )6 \Jc-atcx?

Problem 1290: Result is not expressed in closed-form.

1
J@;Ar‘cTanh[a x] (C _ 32 c X2)3/2 dx

Optimal (type 3, 547 leaves, 17 steps):
35¢ (l—ax)l/4 (1+ax)3/4\/c—a2cx2 7¢c (1—ax)5/4 (1+ax)3/4\/c—a2cx2

N
64a+\1-a%x? 32aV1-a%x?
7c<1—ax)9/4(1+ax)3/4 c-a’cx? c(l—ax)g’/“(1+ax)7/4 c-a%cx?

24a+/1-a%x? 4a+1-a%x?
35¢cVc-a’cx? Ar‘cTan[l—M} 35¢c+/c-acx? Ar‘cTan[l+M}

(1+ax) /4 (1+ax) V4

642 a/1-a2x? 642 a/1-a%x?

1/4 1/4
35c/c-a2cx? Log[l+ vA2x 2 (axml 35c+/c-a2cx? Log[l+ ViaXx , N2 (ax
+/1+ax (1+ax) Y4 +/1+ax (1+ax) ¥4

128+/2 av/1-a2x? 128+/2 av/1-aZx?
Result (type 7, 147 leaves):

+

| ]e2 /1 _a?x? |_8 e%ArcTanh[a x] (735 _ 125 @2ArcTanh[ax] , 399 g4ArcTanh[ax] , 195 o6ArcTanh[a x]) N

£Ar‘cTanh[a X

ArcTanh[ax] -2 Log[ez : —Hl} &] /

105 (1 + e2ArcTanh(2x]) % Rootsum|[1 + 1% &,
m1

(7683 <1+62APcTanh[ax]>4 [c - a?cx? )

Problem 1291: Result is not expressed in closed-form.
J@;ArcTanh[a x] mdlx

Optimal (type 3, 429 leaves, 15 steps):
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3 (1—ax)1/4 (1+ax>3/4 c-a’cx? <1—ax)5/4 (1+ax)3/4 c-a’cx?

- +

4a+1-a%x? 2a/1-a?x?
3+vc-a%cx? Ar‘cTan{l—M] 3vVc-a’cx? Ar‘cTan[1+M]
(1+ax) Y4 (1+ax) V4
- +
4+/2 a/1-a?x? 4+/2 aJ1-a2x?

1/4 1/4
3vc-a?cx? Log[1l+ A2X M2 UHaXm ] 34/c_aZcx? Log[l+ aX, N llaxi
1+ax (1+ax) ¥4 /1+ax (1+ax) /4

82 av1-a%x2 82 a/1-a2x?

Result (type 7, 126 leaves):

c+/1-a%x2 |8 e%Af‘CTENh[a x] (71 +3 eZAr-cTanh[ax]> _

%ArcTanh [ax]

ArcTanh[a x] —2Log[e —Hl} &] /
a1

3 (1+e2AreTannax]) 2 RootSum|1 + H1* &,

(16a (1+62ArcTanh[ax])2 c (1762 XZ)

Problem 1292: Result is not expressed in closed-form.

LAr‘cTanh[a x]
e?2

—d
Vec-a?cx?

X

Optimal (type 3, 309 leaves, 13 steps):
V2 V1-a2x* ArcTan[1- V2 @-ant 1/4] V2 V1-a2x? ArcTan[1+ V2 @-ant 1/4]

(1+ax) Y4 (1+ax) /4

avc-a?cx? avc-a?cx?

1/4 1/4
V1-a?x? Log[1l+ ¥A2x w2 Laxo] /] a2x2 Log[l VI, 2 ax
/1+ax (1+ax)¥/* 1+ax (1+ax)Y/*

V2 avc-a2cx? V2 avc-a2cx?

Result (type 7, 79leaves):

lAr‘cTanh[a X]
-ArcTanh[ax]+2 Log|e2 -1
c (1-a2x?) RootSum[1+ 1% &, £ W

2acy1-a?x?

8]

a1

Problem 1307: Unable to integrate problem.

LAr‘cTanh[a x]
e-2
dx
x (c-a? cxz)g/8

Optimal (type 6, 73 leaves, 3 steps):
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1

- 228 (1+ax)"® (1—a2x2)1/8AppellF1[1, E, 1,
c(c—azcxz)l/8 8 8

(1+ax), 1+ax|

)

0 |©
N R

Result (type 8, 31 leaves):
e%/—\r‘cTanh[ax]
dx
Jx (c-a?cx?)”®
Problem 1309: Result more than twice size of optimal antiderivative.

JenAr‘cTanh[a x] (C B az C X2> 2 dx

Optimal (type 5, 70leaves, 2 steps):

1 3.0, 3.0 . n n
————2"2¢c? (1-ax)” 2 Hypergeometric2F1[-2- —, 3- —
a(6-n) 2 2 2

Result (type 5, 184 leaves):
1

120 a

c2 e" ArcTanh[a x]

(22n—n3+126ax—22an2x+an4x—28a2nx2+a2n3x2—80a3x3+2a3n2x3+6a4nx4+24a5x5—

n n
g2ArcTanh[ax] (32-16n-2n”+n?) Hypergeometric2F1 [1, 1+ =, 2+ —, —eXArcTanhlax] ],
2 2
n
(64 - 20 n? + n*) Hypergeometric2F1[1, —, 1+ —, —e2ArcTannlax]| )
2

N | S

Problem 1310: Result more than twice size of optimal antiderivative.

JenAr‘cTanh[a x] (C B az c X2> 3 dx

Optimal (type 5, 70leaves, 2 steps):

;24% c(1-a X)4’%Hyper‘geometr‘icZFl[—3 - E, 4"
a(8-n) 2 2 2

Result (type 5, 272 leaves):
1

5040 a

3 gnArcTanh[ax] [—912n+58 n®-n°-5040ax+912an’x-58an*x+an®x+1368a’nx®-64a2n>x?+

a?n®x?+5040a3x3-152an?x*+2aln*x3-576a*nx*+6a*n®x*-30243° x°> +
243°n2x°+120anx® + 720 a’ x7 - e2ArcTanhlax] (-1152+ 576 n+104n%-52n3-2n%+ n5>

n n
Hypergeometric2F1[1, 1+ —, 2+ —, —e2ArcTann(ax]]
2 2

(-2304 + 784 n” - 56 n* + n®) Hypergeometric2F1[1, —, 1+

s _(EZAr‘cTanh[a x] ] ]

n
2
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Problem 1356: Unable to integrate problem.

JenArcTanh[ax] XM (C _ a2 c XZ) 2 dx

Optimal (type 6, 42 leaves, 2 steps):
¢ x¥" AppellF1[1 + m, % (=4+n), -2 - g, 2+m, ax, -ax|

1+m
Result (type 8, 27 leaves):

JenArcTanh[ax] XM (C _alc XZ) 2 dx

Problem 1357: Unable to integrate problem.

JenAr‘cTanh[a x] XM (C _ a2 C XZ) dx

Optimal (type 6, 40leaves, 2 steps):
c x1*" AppellF1[1 +m, i (-2+n), -1- g, 2+m, ax, -ax|

1+m
Result (type 8, 25leaves):

JenAr‘cTanh[a x] XM (C _ a2 C XZ) dx

Problem 1358: Result more than twice size of optimal antiderivative.

eh ArcTanh[ax] XM
——— dX

c-a’cx?
Optimal (type 6, 42 leaves, 2 steps):

x1" AppellF1[1 +m, 2", 1 - 2, 2+m, ax, -ax|

c(1+m)

Result (type 6, 106 leaves):

LenAr‘cTanh[a X] (71 + e—zAr‘cTanh[a x] )m (1 + e—ZArcTanh[a x])m (7e—4ArcTanh[a X] (71 + eZAr'cTanh[a x] )2) -m
acn

n n
XM AppellFl [_ —,m, -m, 1-—, _e—2Ar‘cTanh[a x] , e—ZAr‘cTanh[a x] ]

2

Problem 1359: Unable to integrate problem.

e" ArcTanh[a x] XM
— dX

(c—azcxz)2
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Optimal (type 6, 42 leaves, 2 steps):

x> AppellF1[1 +m, ‘“T”, 2 - 3, 2+m, ax, -ax|

c? (1+m)

Result (type 8, 27 leaves):

eh ArcTanh[ax] XM
— dx
(c-a?cx?) 2

Problem 1360: Unable to integrate problem.

JenAr‘cTanh[ax] XM (C _ a2 c XZ) p dx

Optimal (type 6, 70leaves, 3 steps):

o x"" (1-a?x*) P (c-a® cx*)? AppellF1[1 +m, 1 (n-2p), —E—p, 2+m, ax, -ax|
1+m 2 2

Result (type 8, 27 leaves):

jenAr‘cTanh[ax] XM (C _ a2 c XZ) p dx

Problem 1361: Unable to integrate problem.

JenAr‘cTanh[ax] X (C _ a2 C X2> p dx

Optimal (type 5, 177 leaves, 4 steps):
(1—ax)1’g+p (1+ax)1+%+p (1-a2x?) P (c-a’cx?)?
2a? (1+p)

(Zgwn (1—ax>1’%+p (1-a2x%) P (c-a’cx?)?

i n n n 1
Hypergeometric2F1[- — -p, 1- —+p, 2- —+p, — (1-ax)]
2 2 2 2

/(@ (1+p) (2-n+2p))

Result (type 8, 25leaves):

JenAr‘cTanh[ax] X (C _ a2 C X2> p dx

Problem 1362: Unable to integrate problem.

JenAr‘cTanh[ax] (C _ aZ C X2>I9 dx

Optimal (type 5, 103 leaves, 3 steps):
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_ ;ZM%P (1 _a X)lf%w (1 _3? X2>—p
a(2-n+2p)
(c -a? c x?)P Hypergeometric2F1 |-

n n
-p,1-—+p,2-—+p, (1—ax)]
2 2

N | S
N |

Result (type 8, 24 leaves):

JenAr‘cTanh[a X] (C _ a2 C X2> P dx

Problem 1363: Unable to integrate problem.
JQZ (1+p) ArcTanh[a x] (1 _ a2 X2> -p dx
Optimal (type 3, 41leaves, 3 steps):

_ 1-2p _ -2p
(1-ax) X (1-ax)

a(1-2p) ap

Result (type 8, 28 leaves):

Jez (1+p) ArcTanh[a x] (1 _ aZ X2> -p dx

Problem 1364: Unable to integrate problem.
jez (1+p) ArcTanh[a x] (C _ aZ C X2> -p dx
Optimal (type 3, 95leaves, 4 steps):

(1fax)1’ZID (1-a2x?)P (c-a2cx?) P (1—ax)’2p (1-a2x?)P (c-a2cx?) P
+

a(1-2p) ap

Result (type 8, 29leaves):

Jez (1+p) ArcTanh[a x] (C _ az fe X2> -p dx
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Summary of Integration Test Results

1378 integration problems

A - 1123 optimal antiderivatives

B - 23 more than twice size of optimal antiderivatives
C - 108 unnecessarily complex antiderivatives

D - 120 unable tointegrate problems

E - 4integration timeouts



